Summary

Objectives

In order to consider the response of engineering systems, e.g. electrical or control systems, to
inputs such as step, or perhaps an impulse, we need to be able to solve the differential equation
for that system with that particular form of input. As the previous chapter indicates, this can be
rather laborious. A simpler method of tackling the solution is to transform a differential equation
into a simple algebraic equation which we can easily solve. This is achieved by the use of the
Laplace transform, the subject of this chapter.

By the end of this chapter, the reader should be able to:

* understand what using the Laplace transform involves;

* use Laplace transform tables to convert first- and second-order differential equations into
algebraic equations;

¢ use Laplace transform tables, and where appropriate partial fractions, to convert Laplace
transform equations into real world equations;

* determine the outputs of systems to standard input signals such as step, impulse and ramp.
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In this chapter a method of solving such differential equations is
introduced which transforms a differential equation into an
algebraic equation. This is termed the Laplace transform. It is
widely used in engineering, in particular in control engineering
and in electrical circuit analysis where it is commonplace not even
to write differential equations to describe conditions but to write
directly in terms of the Laplace transform.

We can think of the Laplace transform as being rather like a
function machine (Figure 6.1). As input to the machine we have
some function of time f{f) and as output a function we represent as
F{(s). The input is referred to as being the time domain while the
output is said to be in the s-domain. Thus we take information
about a system in the time domain and use our ‘machine’ to
transform it into information in the s-domain. Differential
equations which describe the behaviour of a system in the time
domain are converted into algebraic equations in the s-domain, so
considerably simplifying their solution. We can thus transform a
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Figure 6.2 Using the Laplace
transform. As an illustration, Ohm's
Law gives the time-domain equation
v(t) = Ri(t), both v and i being functions
of time and R assumed to remain
constant. In the s-domain this
becomes V(s) = Ri(s). After working
with this equation in the s-domain

we can then transform back to the

time domain

To obtain the Laplace transform of a
function of time Af), multiply it by e
and integrate the product between zero
and infinity.

When electrical circuits are discussed
in terms of currents or voltages varying
with time we use differential equations
and are said to be working in the time
domain. When we use phasors we can
be said to be working in the frequency
domain; we are no longer working with
time-varying quanitities. As we shall see
later in this chapter, we can transform
currents or voltages which vary with
time into the s-domain by using the
Laplace transform; like the trans-
formation using phasors, we are no
longer working with time-varying
quantities.
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differential equation into an s-domain equation, solve the equation
and then use the ‘machine’ in inverse operation to transform the
s-domain equation back into a time-domain solution (Figure 6.2).

Now this definition may look rather daunting, but do not fear, it
is very likely that you will not need to use it but rather will make
use of tables which other people have worked out. However, you
should appreciate the basis of the transform. The Laplace
transform of some function of time is defined by:

Multiply a given function of time f{t) by €™ and integrate the
product between zero and infinity. The result, if it exists, is
called the Laplace transform of f(t) and is denoted by L{f(t)}
= F{(s).

Fis) = {1} = [ e dt [

Note that the integration is between 0 and +o and so is one-sided
and not over the full range of time from —oo to +<o.

Example
Determine the Laplace transform of ff) = 1.

Using equation [1]:

e st :|°° 1

210y = [y 1etdat=[ &5 =1

This is provided that s >0 sothate®*' -0 ast - «

Example
Determine the Laplace transform of f(f) = e®.

Using equation [1]:
® ® —(s-a)t 1®

That is provided we have (s — a) > 0.

Example
Determine the Laplace transform of f(f) = ¢.

Using equation [1]:

L0} = {, testdt
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f(t)

Figure 6.3
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Figure 6.4  Unit area
rectangular pulse

The Laplace transforms of signals
commonly used as inputs to systems
are:

Unit impulse: 1
Unit step: 1/s
Unit ramp: 1/8?

Using integration by parts:
t —st]® oq _ T 1
LR} = ['Te $t]c) +oxe™ dt:["?‘" € 3t:lo Ts?

That is provided we have s > 0.

Laplace transforms for step and impulse function

Consider the unit step function u(f) shown in Figure 6.3. The
Laplace transform is given by equation [1] as:

o0

Luy=[1e"dt= [ e ] -1 2]

0
Thus a unit size step input signal to an engineering system
occurring at time ¢ = 0 will have a Laplace transform of 1/s.

Now consider obtaining the unit impulse function (represented
as &(#)). Such an impulse can be considered to be a unit area
rectangular pulse which has its width k decreased to give the unit
impulse in the limit when & — 0. For the unit area rectangular
pulse shown in Figure 6.4, the Laplace transform is:

Ltunit area pulse} = [* ) e dr=[¢ L et ar+ [0 ar

-[-L e_s,]’; ——Lewo

We can replace the exponential by a series, thus obtaining:

—dN2 (—cd3
L{unit area pulse} =—--sl7(l+(—sk)+ ( ;’? + ( ‘;’? +...-1)

Thus in the limit as ¥ — 0, the Laplace transform tends to the value
1 and so:

L0y =1 [3]

Thus a unit size impulse input signal occurring at time # = 0 to an
engineering system will have a Laplace transform of 1.

Standard Laplace transforms

The transforms derived above, together with others, are tabulated
as a set of standard transforms so that it becomes unnecessary to
derive them by the use of equation [1]. Table 6.1 gives some of the
more common standard transforms. As indicated in the following
section, these standard transforms can be used to derive the
transforms for a wide range of functions.



Table 6.1 Laplace transforms
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§(0) L0}
1 Unit impulse &(f) 1
2 Unit step u(f) -},-
3 Unit ramp ¢ _12_
s
4 r _n!_
s+l
5 e T4
_ e-at a
6 1-e™ s(s+a)
—at
T Grar
8 eat _ gbt b-—a
s+ a)(s +b)
9 (1-a)e™ (s+ a)2
10 _-b a_ bt __ab
1 b-a b-at s(s+a)(s+b)
11 e + e + e~ 1
b-a)c—-a) " (c-a)Na-b) " (a-c)b-c) (s+a)s+b)s+c)
12 sin ot T+l
13 cos wt ﬁa—)—z—
14 e sincwt zm;g*_—wz
15 e % coswt @_+2;-2L+(l)_2
16 sinh ot T
17 cosh ot ey
18 —L— eofsinw [1-02¢, { <1 @
J1-C2 @ ¢l 52 +2{ws+ w?
19 1-—1— e““"sm(w,/l L2 t+¢) cosg={ @’

Yrea

s(52 +2¢ws + w?)

If two separate time functions have .
Laplace transforms then the transform of transforms then the transform of the sum of the time

functions, i.e. f{f) + g(t), is the sum of the Laplace transforms
of the two functions considered separately:

Properties of Laplace transforms

The following are basic properties of Laplace transforms and can
be used with the above table of standard transforms to obtain a
wide range of other transforms.

*  Sum of two functions
If two separate time functions f{f) and g(f) have Laplace

the sum of the time functions is the sum
of the Laplace transforms of the two
functions considered separately.

L) + g0} = £} + £{g0)}
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The Laplace transform of a constant
multiplying a function is the same as a
the constant muitiplying the Laplace
transform of the function.

This property is derived by using equation [1]:

i)+ g0} = [ {AD+g(O)} e dt

= 5: S et dt+ f: g edt

=L{fO} + £{g()}

Since 2f(¢) equals f{r) + f{¢), then the Laplace transform of
2f(H) will be twice the Laplace transform of f{¢). Thus, in

general:

L{afin} = al{flO)}

The Laplace transform of a constant multiplying a function is
the same as a the constant multiplying the Laplace transform

of the function.

Example
Determine the Laplace transform of 1 + 2t.

Using equations [4] and [5] and Table 6.1:

Li+v2y=%+%

Example
Determine the Laplace transform of 3 sin 2t + cos 2t.
Using equations [4] and [5] and Table 6.1:

i =32 s
L3sin2t+cos 2 =3 7+ 7,4

Example
Determine the Laplace transform of 3f + 2 e,

Using equations [4] and [5] and Table 6.1:

-n =32l 1
LB3E+2e} =333 +25 7
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Example
Determine the Laplace transform of sin(wt + 6).

We can write sin(wt + 6) as sin wt cos 8 + cos wf sin
6. Thus, using equations [4] and [5] and Table 6.1:

D)
+

Lsin(ot + )} = 57 —7 €050+ =5 sinf

Example

What is the Laplace transform of an alternating
voltage which is described by 240 sin 314.16¢?

We have an equation of the form constant multiplied
by a sine function. Equation [12] in Table 6.1 gives
for sin wt the transform w/(s? + w?). Hence:

. _ 314.16
£240 sin 314.166) = 240> 50 5

_ _75.4x103
T §24+98.7x103

»  The first shift theorem, factor e™
This theorem states that if Z{f{t)} = F(s) then:

L™} =F(s+a) [6]
Thus the substitution of s + a for s corresponds to multiplying

a time function by e*. This can be demonstrated if we
consider equation {1] with such a function:

The first shift theorem: if £{At)} = F(s)

then: L{e“fH) = j‘:e—atf(t) et dr= .“:ﬂt) e~(+a) 4
L{e™R0}=F(s + a)

Example
Determine the Laplace transform of e~ cosh 3t.

Using the first shift theorem and the transform for
cosh 3t given by Table 39.1, the transform is that of
cosh 3t with the s replaced by s + 2:

L{e cosh 3f} = z;szi)?z:—g—
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The second shift theorem: if a signal is
delayed by a time T then its Laplace
transform is multiplied by e™".

Example
Determine the Laplace transform of 2 e sin? ¢.
Since cos 2t = 1 — 2 sin? t we have:

£{2 sin? f} = £{1} - £{cos 2} = % - _’szi4

Hence, using the first shift theorem and replacing the s
by s + 2:

L2 e sin’ ) = s$2 - (s+s 2+)1’2+4

f(t)

0 T ¢

Figure 6.5 Delayed unit step

f(t)

0 Tr2

Figure 6.6 Example

The second shift theorem, time shifting

The second shift theorem states that if a signal is delayed by a
time 7 then its Laplace transform is multiplied by e™*’. A
function u(f) which is delayed is represented by u(t — 7),
where T is the delay. Thus if F(s) is the Laplace transform of
A then:

Lt - Tu(t - T)} = e*F(s) 7]
This can be demonstrated by considering a unit step function

which is delayed by a time 7 (Figure 6.5). Equation [1] gives
for such a function:

L=} =T u@-Tye=dr=f,0dr+[7 1e*dr

[ ]°_ rl
[—S]Tﬁe‘s

Example

Determine the Laplace transform for a unit impulse
which occurs at atimeof t=2s.

The Laplace transform for a unit impuilse att=0is 1.
Thus the transform for the delayed impulse is 1 e,

Example

Determine the Laplace transform of a single pulse
consisting of just the first half of a sine wave (Figure
6.6).




A periodic function of period T has a
Laplace transform of:

1—_1,,7?5(3)
where Fi(s) is the Laplace transform of
the function for the first period.
Kt)
0 T2 T

Figure 8.7 Example
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We can think of such a function as being the sum of
a sine function extending over an infinite number of
cycles and a sine function that has had its start
delayed by %:T. In this way all but the first half period
waveform are cancelled out. Thus the Laplace
transform is:

Periodic functions
A periodic function of period 7 has a Laplace transform of:

—L—F (s 8]

1-e~T

where Fi(s) is the Laplace transform of the function for the
first period. This can be proved by considering the periodic
function to be the sum of the function fi(¢) describing the first
period, the first period function delayed by 1 period, the first
period function delayed by 2 periods, etc. The Laplace
transform of the sum is thus:

Fiis)+ e TF@)+ e Fiis)+..=(1+eT+e* + . )F\(s)
The term in the brackets is a geometric series with the sum to

infinity of 1/(1 - ¢*7). Thus we obtain the equation given
above.

Example

Determine the Laplace transform of a full-wave
rectified sine wave (Figure 6.7).

Such a wave consists of a sequence of the pulses
shown in Figure 6.6. Thus the first period function
has the transform:

@ e-sTR__W
s2+w? $2+?

Therefore the periodic wave has the Laplace
transform:

e—3772 (4] )

1 ( w__
1-e-sT2\s2+w? 2+ @?

The Laplace transforms of derivatives
Consider the determination of the Laplace transform of the
derivative of a function, i.e. Z{df(¢)/d¢}. Using equation [1]:
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A 310}=-10)+sF(s)

where f{0) is the value of Af) when t = 0
and F(s) is the Laplace transform of Af).

£ Z 10} =s2F)-st0)- S10)

where dA0)/dt is the value of the first
derivative when t = 0.

| a‘it/(:)} = [eLanar
Using integration by parts:
4{%/(1)} = R0)+s [T le) dt = ~(0) +5F(s) ]

where f{0) is the value of f{f) when ¢ = 0 and F{(s) is the
Laplace transform of f{¢).
For a second derivative we can similarly obtain:

A Sie- o
[e o] +s freLana
= _%1(0) +5{-(0) +sF(s)}

= 52F(s) = S0) - $A0) [10]

where df{0)/dt is the value of the first derivative when 7 = 0.
Likewise for a third derivative we can obtain:

4{{1%/(1)} = 53F(s) - s2(0) —s%/w) - a‘%/w) [11]

where d?/{0)/d2 is the value of the second derivative at ¢ = 0.

Example
Given the initial condition that x = 2 when t = 0,
determine the Laplace transform of 4%%.

Using equation [9]:
249X ) =4[ sX(5) - x(©) ] = sX(5) - 2

where X(s) is the Laplace transform of x(f).

Example

Given the initial conditions that x = 0 and dx/df = 0
when t = 0, determine the Laplace transform of
3dix | o0x

de2 dt-

Using equations [9) and [10]:
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2
4o5g +2 %]
= 3[32X(s) - sx(0)— %X(O)] +2[ sX(s) - x(0) ]

= (382 + 25)X(s)

» Laplace transform of an integral

Consider the determination of the Laplace transform of the
integral of a function, i.e.

Af ayar)

If we let g(f) = j; St dt, then —g—tg(t) =f{f). Then, using
equation [7]:

A4e0}=s566)-20)

Since g(0) = 0 and G(s) = L{g())}:
200y = s £{ . fnydr}

Thus:

A" ot} = L Fes) £{f: poyar} = Lre [12]

Example
Determine the Laplace transform of j’; e'dt.

Using equation [12]:
2[f; et} = LF(s)
Since:

1

F(s)=£4e}= 57

4fsetdt}=1F©) = g5y

6.1.1 The inverse transform

The inverse Laplace transform is the transformation of a Laplace
transform into a function of time. If Z{f{H)} = F(s) then f¥) is the
inverse Laplace transform of F(s), the inverse being written as:
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) = £'{F(s)}

A Laplace transform which is the sum of
two separate terms has an inverse of the
sum of the inverse transforms of each
term considered separately.

A Laplace transform which is a constant
multiplied by a function has an inverse of
the constant multiplied by the inverse of
the function.

First shift theorem:
LF(s - a)} = e"ff),where f{f) is the
inverse transform of F(s).

Second shift theorem: if the inverse
transform numerator contains an e™*"
term, we remove this term from the
expression, determine the inverse
transform of what remains and then

substitute (t - T) for tin the result.

Sy =LH{F(s)} [13]

The inverse can generally be obtained by using standard
transforms, e.g. those in Table 6.1. The basic properties of the
inverse, see the following notes, can be used with the standard
transforms to obtain a wider range of transforms than just those in
the table. Often F(s) is the ratio of two polynomials and cannot be
readily identified with a standard transform. However, the use of
partial fractions (see Section 4.2.3) can often convert such an
expression into simple fraction terms which can then be identified
with standard transforms. This is illustrated in the examples given
in the next section.

Example
Determine the inverse Laplace transform of 1/s2.

Table 6.1 indicates that the function which has the
Laplace transform of 1/s2is t. Thus the inverse is t.

Basic properties of the inverse transform

The following are basic properties which aid in the obtaining of
inverse transforms.

e Additive property
If we have a Laplace transform as the sum of two separate
terms then we can take the inverse of each separately and the
sum of the two inverse transforms is the inverse of the sum:

L{F(s) + G(s)} = L{F(s)} + £{G(5)} [14]
Also:
L aF(5)} = al ' {F(s)} [15]

where a is a constant.

*  First shift theorem
The first shift theorem (see Section 6.1) can be written in
inverse form as:

LY F(s-a)} =) [16]

where f{?) is the inverse transform of F{(s).

» Second shift theorem
The second shift theorem (see Section 6.1) can be written in
inverse form as:

LN TF(s)} =t~ Du-T) [17]
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Thus if the inverse transform numerator contains an e7 term,
then we remove this term from the expression, determine the
inverse transform of what remains and then substitute (t — 7)
for ¢ in the result.

Example
Determine the inverse Laplace transform of

s
s2+9°

Table 6.1 shows the Laplace transform of cos wt as being
s/(s? + w?. Thus:

[1[82 +w? ' coswt

Thus, using equation [15]:

[1{sz+9] 7"'”[32+9] 7cos3t

Example

Determine the inverse Laplace transform of s%::})'

We can write the fraction in a simpler form by the use of
partial fractions. Thus:

3s-1 _A+ B
ss-1) -5 "s-1

and so we must have 3s — 1 = A(s — 1) + Bs. Equating
coefficients of s gives 3 = A + B and equating numerical
terms gives -1 = —-A. Hence:

s(s 1) 'l'+s 1

The inverse transform of 1/s is 1 and of 1/(s — 1) is e'.
Thus:

[‘[s(s 1)] 1+2et

Example
Detergﬂne the inverse Laplace transform of

$2-6s+13°
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This fraction can be rearranged as:

6 _a 2
$2-65+13 ~ 7 (s-3)2+22

The fraction term is now in the form w/(s? + w?), i.e. the
transform of sin wt when s has been replaced by s — 3.
This corresponds to a multiplication by e*. Thus, using
equation [16]:

5 .
| srmessia) =3 e¥sin2t

Example
Determine the inverse Laplace transform of 6°%/(s + 2).

Using equation [17], extracting e~ from the expression
gives 6/(s + 2). This has the inverse Laplace transform of
6 e, Thus the required inverse is 5(t — 3) e ¢~ 3y(t - 3).

Initial and final values

The initial value of a function of time is its value at zero time, the

final value being the value at infinitc time. Often there is a need to

determine the initial value and final values of systems, e.g. for an
electrical circuit when there is, say, a step input. The final value in
such a situation is often referred to as the steady-state value. The
initial and final value theorems enable the initial and final values
to be determined from a Laplace transform without the need to
find the inverse transform.

o The initial value theorem
The Laplace transform of f{f) is given by equation [1] as:

L{03 = [ e o) ar

and so:

AL10} = [T Lpn a [18]
Integration by parts then gives:

A 410} =[em0]; - [5 s e dr=A0) +sF(s [19]
As s tends to infinity then e tends to 0. Thus we must have,

as a result of equation [18], £{df(#)/ds) tending to O as s tends
to infinity. Hence equation [19] gives:



Initial value theorem:

i A= im sF(s)

Final value theorem:

fim 10 = lim sF(s)
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lim [-(0) +sF($)] =0

lim sF(s) = A0)

But f{0) is the initial value of the function at £ = 0. Thus,
provided a limit exists:
lim f(f) = lim sF(s) [20]

This is known as the initial value theorem.

Example

Determine the initial value of the function ff) giving
the Laplace transform 4/(s + 2).

Applying equation [20]:

im0 =Um[52% ]=m[ 1355 =4

The final value theorem
As with the initial value theorem, for a function f{f) having a
Laplace transform F(s) we can write (equations [18] and
[19]):
2410} = e de=-0) +5F(s) 21]
As s tends to zero then e tends to 1 and so:
. © o [
Lim [50 ¢ ‘Hd'r/(')d’} ={s Ediﬂ') dr
We can write this integral as:
@ . t .
f5 g0 ar=tim f, §o/0 = tim U0 10
Hence, with equation [21] we obtain:
lim [-A(0) +sF(s)] = lim [1n - /10) ]
and so, provided a limit exists:

lim 1) = lirg sF(s) 22]

This is termed the final value theorem.
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f(t)

N

Example

Determine the final value of the function which has
the Laplace transform:

__25+1
F&) =3 s+9)
Using equation [22]:

. . . s@@2s+1)
lim ff) = im sF(s) = mo[(s+1)(s+3) ]:O

Problems 6.1

[ERERE

Figure 6.8 Problem 6

f(t)

1

0 1 2 3

Figure 6.9  Problem 7

1

F-N

Determine, working from first principles and the
definition of the transform, the Laplace transforms of:

(a) i = &, (b) () = &, (c) AP = sinh at.

(Hint: sinh at = V2(e* — e™)

Determine, by the use of the transforms given in Table
6.1 and the properties of Laplace transforms, the
Laplace transforms of the following functions:

(@) 4,(b)3t-1,(c)e*, (d)2t+3e', () +4e?

H e+ 2t+1, (g 2sin 3¢, (h) 5 sinh 3¢, (i) sin 3¢ cos 3¢,
G)te™ (k)4—-2sin3t+e¥ () e,
(m)(1+ef(1-e,(n)e*cost, (0) (1+0D?e”

(p) e sin? t, (q) t cosh 3¢, (r) £ cosh 3¢, (s) £ e

Use the additive property to determine the Laplace
transforms of the following functions:

(a) £+ 3t+ 2, (b) 2 +4sin 3¢, (c) e* + cosh 2t,
d2+5e* (e)cos2t+cos3t, (HL+4e

Use the first shift theorem to determine the Laplace
transforms of the following functions:

(a) e% sin 2t, (b) e*f, (c) e¥ cos t

Use the second shift theorem to determine the Laplace
transform of the following functions:

(a) a unit step function which starts att=5 s,
(b) a unit impulse which occurs att=4 s,
(c) the function described by 3(t — 10)u(t - 10)

Determine the Laplace transform of the periodic function
shown in Figure 6.8.
Determine the Laplace transform for the periodic signal
shown in Figure 6.9.



6.2 Solving
differential equations

10

11

12
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Determine the Laplace transform for the following
periodic signals:

(@fin=1for0<t<1and0for1<t<2 f(t+2)= Ao,
)RH=tforO<t<1andOfort<t<2 ft+2) =KL,
©ff=tfor0O<t<tand2-tfor1<t<2 ft+2) =K

Determine the inverse Laplace transforms of:

@513 O % © 7 @ 25

5 1 e-2s e3s
©) (s-2)2+25" M (s+3)4" @ s2 (M) (s+2)2

Determine, by the use of partial fractions, the inverse
Laplace transforms of the following:

3s+1 3s+3 s-4

@ s2-s-6' (0) s24+s5-2" © (s+1)(s2+4)
s+4

@ §2+4s5+4

Determine the initial values of the functions giving the
following Laplace transforms:

1 s
@ 5257 O w247

Determine the final values of the functions having the
following Laplace transforms:

@ % 0 s

Laplace transforms offer a method of solving differential
equations. The procedure adopted is:

1

Replace each term in the differential equation by its Laplace
transform, inserting the given initial conditions.

2 Algebraically rearrange the equation to give the transform of
the solution.
3 Invert the resulting Laplace transform to obtain the answer as
a function of time.
Example

Given that x = 0 at t = 0, solve the first-order differential
equation 3(dx/df) + 2x = 4.



214 Laplace transform

Taking the Laplace transform gives:
3[sX(s) - x(0)] + 2X(s) = 4
Substituting the initial condition gives:
3sX(s) + 2X(s) =%

Hence:

X(s) = s(Ts4¥2—)

Simplifying by the use of partial fractions:

4 _A + B
s(@s+2) S T3s+2

Hence A3s + 2) + Bs =4 and so A =2 and B = -2/3.

Thus:
2

X©0=%-zasz =% 237y

and so x(f) =2 -2 e,

Example

Given that x = 0 and dx/dt = 1 at t = 0, solve the
second-order differential equation:

d?x dx -
a8 5’& +6x=2et
Taking the Laplace transform gives:

$2X(5) - $X(0) ~ Sk X(0) - 5[sX(5) - X(0)] +6X(s) = A

Substituting the initial conditions:

$2X(S) -1 - 58X(s) +6X(S) = —s%
2
__S+1 +1 _ 2 1
XS =52 5576 - (5+1)(5-2)5-3) T (5-2)(s-3)

We can simplify the above expression by the use of
partial fractions. Thus:

2 A, B_, C
(s+1)(s-2)(s-3) " s+1 " s-2 " s-3
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Hence A(s-2)(s—-3)+ B(s+1)(s—3)+ C(s+ 1)(s-2)
=2andso A=1/6,B=-2/3 and C = V.

1 ___ D  _E_
(s-2)(s-3)  s-2 " s-3

Hence D(s-3) + E(s-2)=1andsoD=-1and E= 1.
Thus:

1

1 2
__® 3 2 -1 1
X =5y7+5-2+t5-3+5-2%5-3
1 5 3
.8 __3_.. 32
- s+1 s-2 " s-3

The inverse transform is x(f) = + e'- 3 e2'+ 3 3.

Example
Solve the following second-order differential equation:

2
%+64x=0

given the conditions (a) dx/dt = 0 and x = 2 when t = 0,
(b) dx/dt = 2 and x = Owhen t = 0.

Taking the Laplace transform gives:

$2X(5) - SX(0) - S X(0) +64X() = 0

(a) We have dx/dt = 0 and x = 2 when ¢ = 0 and so:
$2X(s) - 25— 0 + 64X(s) = 0

(s2+ 64)X(s) = 2s

28 s
X(9)= 2764 =2(sz +82 )

As Table 6.1 indicates, the bracketed term has the
inverse of a cosine. Thus the solution is x = 2 cos 8t.

(b) We have dx/dt = 2 and x = 0 when t = 0, and so:
§2X(s) -0 -2+ 64X(s)=0
(s2+64)X(s) =2

2
X =57164
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To put this in the form w/(s? + w?) we multiply by 4/4:
X®=% 's2+82 +82

The solution is thus x = § sin8¢.

Problems 6.2

1 Solve the following differential equations:

(a) 2dx +x=4 e,
W|th x=0whent=0,

(b) dt X 1 6x=2,
with x = 0when t=0,

2
© %+4x=1,
with x = 0 and dx/df = 0 when = 0,

@ $X 29X s ox= e,

with x = 0 and dx/dt = 0when t=0,
©) d," 29X 4 x = sint, with x=1
with x=1 and dx/dt =0 when t=0,

4] ——2x 3,
wvthx- Owhent=0,

Q) A7 dt X + 4x = cost,
with x=0when t=0,

2
(h S +x=3,
with x = 0 and dx/dt = 1 when t= 0,

[0) dt2 +ogr dt X _6x=5ed
with x = 0 and dx/dt = O when t= 0,

) ‘3“;‘ ((ji)t( 6x = cos 2t

with x = 0 and dx/dt = 0 when t =0,
&) dt" 53’,’ _6x=t+e¥
with x = 2 and dx/dt = 1 when ¢t = 0.



6.3 Transfer function

The transfer function G(s) of a system
is defined as [output Y(s)J]input X{(s)]
when all initial conditions before we
apply the input are zero.

X(s)
o

G(s)

Y(s)
g

Figure 6.10 Transfer function
as the factor that muttiplies the
input to give the output
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In general, when we consider inputs and outputs of systems as
functions of time then the relationship between the output and
input is given by a differential equation. If we have a system
composed of two elements in series with each having its
input-output relationships described by a differential equation, it is
not easy to see how the output of the system as a whole is related to
its input. We can overcome this problem by transforming the
differential equations into a more convenient form by using the
Laplace transform. This form is a much more convenient way of
describing the relationship than a differential equation since it can
be easily manipulated by the basic rules of algebra.

For a simple system we might use the term gain to relate the
input and output of a system with gain G = output/input. This tells
us how much bigger the output is than the input. When we are
working with inputs and outputs described as functions of s we
define the transfer function G(s) as [output Y(s)]/[input X(s)]
when all initial conditions before we apply the input are zero, i.e.

G = 3o (231

A transfer function can be represented as a block diagram
(Figure 6.10) with X{(s) the input, Y(s) the output and the transfer
function G(s) as the operator in the box that converts the input to
the output. The block represents a multiplication for the input.
Thus, by using the Laplace transform of inputs and outputs, we
can use the transfer function as a simple multiplication factor, like
the gain.

Example

Determine the transfer function for an electrical system
for which we have the relationship:

Ves) _ 1
V(s) ~ RCs+1

The transfer function G(s) is thus:

Ve(s) 1

G(9)="s) = RCs+1

To get the output Vc(s) we multiply the input V(s) by
1/(RCs + 1).

Example

Determine the transfer function for the mechanical system
having mass, stiffness and damping, and input F and
output x and described by the differential equation:
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%/ Spring providing
restoring force
. Mass
Damping m
|
I
_
x
Equilibrium
Figure 6.11 Mass, spring,
damper system
input Output
G,(s) FP— Gy(s) [— P
X(s) Y(s
Y(s) ©

Figure 6.12 Systems in series

The overall transfer function for a system
composed of elements in series is the
product of the transfer functions of the
individual series elements.

d2x dx
F= mm +C4f +kx

Figure 6.11 shows the type of system that would give
such a differential equation.

If we now write £(x) = X(s) and 4(F) = F(s), and with
initial conditions zero:

4{ dﬂ] m| $2X(s) - sx(0) - Jrx(®)

ICW} o sX(s)-x(0) ]
Lk(x)} = kX(s)
£{F} = F(s)
When ¢t = 0 we have x = 0 and dx/df = 0 and so:

z[m%% ] =m[ s2X(s) ]

,d[c%’ﬂ =c[ sX(s) ]

Thus, we have for the differential equation in the
s-domain:

F(s) = ms2X(s) + csX(s) + kX(s)
= (ms? + cs + K)X(s)
Hence the transfer function G(s) of the system is:

X(s) _ 1
F(s) ~ ms2+cs+k

G(s) =

Systems in series

Consider a system of two subsystems in series (Figure 6.12). The
first subsystem has an input of X(s) and an output of Yi(s); thus,
Gi(s) = Yi(s)/X(s). The second subsystem has an input of Y,(s) and
an output of Y(s); thus, Gx(s) = Y(s)/Yi(s). We thus have:

Y(s) = Gus)Y1(s) = GoA8)G1($)X(s)
The overall transfer function G(s) of the system is Y(s)/X(s) and so:

Goverat(s) = Gi(8)G(s) [24]



A simple feedback control system to, say,
control the temperature of a room will have
a negative feedback loop. This feeds back
a measure of the output of the system
which is then subtracted from the input.
The input is the required temperature and
the output the actual temperature. The
difference between these signals, i.e. the
error, is used to actuate some heating
system which will continue as long as
there is an error.

With negative feedback
feedback signal subtracted

frominput - Forward path
Input + Output

G(s)
X (s) <~ Ermor | Y(s)
H(s)

Feedback

Figure 6.13  System with
negative feedback

For a system with a negative feedback,
the overall transfer function is the
forward path transfer function divided by
one plus the product of the forward path
and feedback path transfer functions.

Input, > Output
2
X(s) S il Y(s)
4

Figure 6.14 Example
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Example

Determine the overall transfer function for a system
which consists of two elements in series, one having a
transfer function of 1/(s + 1) and the other 1/(s + 2).

The overall transfer function is thus:

1 1__ 1
Goverail(S) = s+15s+2 ~ (s+1)s+2)

Systems with negative feedback

For a control system with a negative feedback loop we can have
the situation shown in Figure 6.13 where the output is fed back via
a system with a transfer function H(s). This fed back signal
subtracts from the input to the system G(s) to give the error signal.
The feedback system has an input of Y(s) and thus an output of
H(s)Y(s). Thus the feedback signal is H(s)Y(s). The error is the
difference between the input signal X(s) and the feedback signal:

error (s) = X(s) — H(s)¥(s)

This error signal is the input to the G(s) system and gives an
output of ¥(s). Thus:

Y(s)

GO) = X5 = HETE)

and so:
(1 + G(s)H()]1Y(s) = G(s)X(s)

which can be rearranged to give:

overall transfer function = ;g)) =13 gg))H(s) [25]

Example

Determine the overaill transfer function for a control
system (Figure 6.14) which has a negative feedback loop
with a transfer function 4 and a forward path transfer
function of 2/(s + 2).

The overall transfer function of the system is:

2
2 2
Goverall(S) = _— 2 = s+10
T+éxsi2
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6.3.1 Determining outputs of
systems

The procedure we can use to determine how the output of a system
will change with time when there is some input to the system is:

1 Determine the output as an s function
In terms of the transfer function G(s) we have:

Output (s) = G(s) x Input (s) [26]

We can thus obtain the output of a system as an s function by
multiplying its transfer function by the input s function.

2 Determine the time function corresponding to the

output s function

To obtain the output as a function of time we need to find the
time function that will give the particular output s function
that we have obtained. Tables of s functions and their
corresponding time functions can be used (Table 6.1). Often,
however, the s function output has to be rearranged to put it
into a form given in the table.

Example

A system has a transfer function of 1/(s + 2). What will be
its output as a function of time when it is subject to a step
input of 1 V?

The step input has a Laplace transform of (1/s). Thus:

Output (s) = G(s) x Input (s)

_1 x1_ 1
T 5+27 3 T s(s+2)

The nearest form we have in Table 6.1 to the output is
item 6 as ¥z x 2/[s(s + 2)]. Thus the output, as a function
of time, is %2(1 ~e) V.

First-order systems

A first-order system has a differential equation of the form:

dy

L +y=kx

As a function of s this can be written as:

TY(s) + Y(s) = kX(s)



i L
1t 2t 37t 4=
Time

Figure 6.15 Output with a
unit impulse input to a first-
order system

10Kk -~ —— ===

08k

0.6k|-

T

Output

0.4k

0.2k

1 1 1 1
1t 2t 3t 41

Input
Figure 6.16 Behaviour of a
first-order system when subject
to a unit step input
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and so a transfer function of the form:

Yok

G(s) = XG) - 41 [27]
where k is the gain of the system when there are steady-state
conditions and 7 is the fime constant of the system.

»  Unitimpulse input
When a first-order system is subject to a unit impulse input
then X(s) = 1 and the output transform Y(s) is:

(1/7)
s+1/t

¥(s) = G(s)X(s) = —K— x 1=k

s+1

Hence, since we have the transform in the form 1/(s + a),
using item 6 in Table 6.1 gives:

x=k(1/7) e"" [28]

Figure 6.15 shows how the output x varies with time.

»  Unit step input
When a first-order system is subject to a unit step input then
X(s) = 1/s and the output transform Y(s) is:

k__ _pg /)
s(zs+1) ~ s(s+1/1)

X(s) = G(s)Y(s) =

Hence, since we have the transform in the form a/s(s + a),
using item 6 in Table 6.1 gives:

x = k(1 -e7) [29]

Figure 6.16 shows how the output x varies with time.

Example

A circuit has a resistance R in series with a capacitance
C. The differential equation relating the input v and
output vc, i.e. the voltage across the capacitor, is:

_ ch
v=RC =4t tve

Determine the output of the system when there is a 2 V
impulse input.

As a function of s the differential equation becomes:

V(s) = RCsVc(s) + Vc(s)
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Hence the transfer function is

Ve(s) 1
G(s) =g = RCs+1

The output when there is 2 V impuise input is:

Ve(s) = G(s)W(s) = ‘Rc1s 1 %x2= silﬁgc

Hence, since we have the transform in the form 1/(s + a),
using item 6 in Table 6.1 gives:

v = (2/RC) etRC

Example

A thermocouple which has a transfer function linking its
voltage output V and temperature input of:

30x10°8

“tos+1 V7€

G(s) =

Determine the response of the system when it is
suddenly immersed in a water bath at 100°C.

The output as an s function is:

V(s) = G(s) x input (s)

The sudden immersion of the thermometer gives a step
input of size 100°C and so the input as an s function is

100/s. Thus:

30x10°® 100 _ 30x10~*

V(9)="0s+1 *~§ = T0s(s+0.1)

0.1

_ 4__ 01
=30x10"" 55501

The fraction element is of the form a/s(s + a), item 6 in
Table 6.1, and so the output as a function of time is:

V=30x10"*(1-e°"V

Second-order systems

The differential equation for a second-order system can be written
as:



In general, we can write a transfer
function as:

K(S—Z1XS—2Z2)..(S—Zm)
(S-P1XS—P2)..(S—Pn)

G(s)=

with the values of s that make G(s) zero
being termed zeros and so correspond
to s = 2y, Z2, ... Zm. The values of s that
make G(s) infinite are known as poles
and so correspond to s = p1, p2, .... Pa.
As will be apparent from the discussion
on this page and the next, poles and
Zeros can be real or complex. We can
thus plot them on an Argand diagram
with the vertical axis being the imaginary
element and the horizontal axis the real
part. Such a plot is said to have the
poles and zeros plotted on an s-plane
diagram.
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2
% +2(wn% +oly =k

where x is the input and y the output (see Chapter 5, equation
[36]). Since the steady-state output occurs when w,’y = kx, a more
usual way of writing the standard form of the equation, so that the
steady-state value occurs when y = kx, is as:

2
%t—{ + 2ca>.,% + 02y = kakx (30]

where @y is the natural angular frequency with which the system
oscillates and { is the damping ratio. Hence we have:

S2Y(s) + 2LonsY(s) + w2 Y(s) = kX (s)
and so a transfer function of:

_YGs) ka?
Gls)= X(s) ~ 52 +2Lwns + wk

[31]
When a second-order system is subject to a unit step input, i.e.
X(s) = 1/s, then the output transform is:

kw?
s(s2 +2{wns +wp)

Y(s) = G(s)X(s) =

There are three different forms of answer to this equation for the
way the output varies with time; these depending on the value of
the damping constant and whether it gives an overdamped,
critically damped or underdamped system. We can determine the
condition for these three forms of output by putting the equation in
the form:

kol
YO = GrpG+pD (321
where p; and p; are the roots of the quadratic term:
52+ 2wns+wi=0 [33]

Hence, if we use the equation to determine the roots of a quadratic
equation, we obtain:

—2lwn £ J4 2w? - 4
2

and so the two roots are given by:

pr=~{wn+wn J(?-1 and pr=-{on-wn J{?-1 [34]
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Steady-
state
value

0 Time

Figure 6.17 Behaviour of a second-
order system when subject to a unit
step input signal

The important issue in determining the form of the roots is the
value of the square root term and this is determined by the value of
the damping factor (Figure 6.17).

Damping factor { > 1

With the damping factor { greater than 1 the square root term
is real and will factorise. To find the inverse transform we can
either use partial fractions to break the expression down into a
number of simple fractions or use item 10 in Table 6.1. The
output is thus:

ka? p2 P
y=p1p“z[1“pz =pr et ppre™ [35]

This describes an output which does not oscillate but dies
away with time and thus the system is overdamped. As the
time ¢ tends to infinity then the exponential terms tend to zero
and the output becomes the steady value of kwn?/(pip2). Since
Pip2 = Wy, the steady value is k.

Damping factor { = 1
With { = 1 the square root term is zero and so p; = p; = ~wx;

both roots are real and both the same. The output equation
then becomes:

kok

Y(s) = ——s(s+wn)2

This equation can be expanded by means of partial fractions to
give:

b __1 _ wn
Y(S)"‘{S S+, <s+a>n>’]
Hence:

y=k[l —e@ — pre=on] [36]

This is the critically damped condition and describes an
output which does not oscillate but dies away with time. As
the time ¢ tends to infinity then the exponential terms tend to
zero and the output tends to the steady state value of &.

Damping factor { <1
With { < 1 the square root term does not have a real value.
Using item 19 in Table 6.1 then gives:

y=H1- ﬁ‘__‘"@_ sin(wn JA-09) t+¢) 7]

where cos ¢ = {. This is an under-damped oscillation. The
angular frequency w of the damped oscillation is:
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®=wn1-{? [38]

Only when the damping is very small does the angular
frequency of the oscillation become nearly the natural angular
frequency .. As the time ¢ tends to infinity then the
exponential term tends to zero and so the output tends to the

value k.

Example

What will be the state of damping of a system having the
following transfer function and subject to a unit step
input?

1
Gls) = 7785716

The output Y(s) from such a system is given by:
Y(s) = G(s)X(s)

For a unit step input X(s) = 1/s and so the output is given
by:

Y(s) =

1 _ 1
s(s2+8s+16) ~ s(s+4)(s+4)

The roots of s + 8s + 16 are p; = p. = —4. Both the roots
are real and the same, hence we have critical damping.

Example

A system has an output y related to the input x by the
differential equation:

dzy
dt?

dy

+5d—t +6y=x

What will be the output from the system when it is subject
to a unit step input? Initially both the output and input are
zero.

We can write the Laplace transform of the equation as:
§2Y(s) + 5sY(s) + 6Y(s) = X(s)
The transfer function is thus:

Y(s) _ 1

G(s) = X(s) ~ s2+55+6
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For a unit step input the output is given by:

1 _ 1
s(s2+55+6) ~ S(S+3)(s+2)

Y(s) =

Because the quadratic term has two real roots, the
system is overdamped. We can directly use one of the
standard forms given in Table 6.1 or partial fractions to
first simplify the expression before using Table 6.1. Using
partial fractions:

1 ___A, B, C
s5+3)(s+2) S T s+3 " s+2

Thus, we have 1 = A(s + 3)(s + 2) + Bs(s + 2) + Cs(s +
3). When s = 0 then 1 = 6A and so A= 1/6. When s = -3
then 1 = 3B and so B = 1/3. When s = -2 then 1 = -2C
and so C = —-1/2. Hence we can write the output in the
form:

1 1 1
Y()=8s+t35+3)  25+2)

Hence, using Table 6.1 gives:

y=017+033e*-05e?

Example
A system has the transfer function:

-9
G()= 2736579

Determine its natural frequency, the damping ratio and
the frequency of the damped oscillation.

If we compare the transfer function with that given in
equation [31], i.e.

kok
Gls) = $2 +2{wns +wf

we are led to conciude that w.? = 9 and so w, = 3 rad/s
and f, = wn/2n = 3/2n = 0.48 Hz. The damping ratio is
given by 2{w. = 3.6 and so { = 3.6/(2 x 3) = 0.6; the
system is underdamped. Using equation [38], the angular
frequency of the undamped oscillation is given by:

w=wn/1-{? =3/1-0.62 =2.4rad/s
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Example

For the system shown in Figure 6.18, determine its
transfer function if M = 50 kg, k1 = k2 = 400 N/m and ¢ =
180 Ns/m. What will be the damped frequency of its
oscillation when subject to a unit step input?

Considering the free-body diagram of the mass (Figure
6.19), and applying Newton's second law, we have:

d d2
k2(x-Y) —k1y—c—a{- =ma= md—t{

I " The Laplace transform of this equation, with zero initial
x(t) conditions, is:

Figure 6.18 Example Kz [ X(s) - Y(s)] k1 Y(s) - cs Y(s) = ms2Y(s)

kaX(s) = ms2Y(S) + k2 Y(S) + k1 Y(S) + cSY(S)

dy
y hid
5 T Tcdf s YO _ Ky
M (s)= X(8) " ms2+cs+ky+ka

lkz(x-n For comparison with the standard form of the transfer
function equation, we write the above equation as:

Figure 6.19 Example
gy P (ka/m)

s2 +(c/m)s+ (k1 +k2)/m

G(s)=

Hence, with the given data:

400/50 _ 8
2 + (180/50)s + (400 + 400)/50 ~ s2+3.65+ 16

G(s)=

Comparing this with the standard form of transfer
function for a second-order system [31]:

_ ko
Gls) = $2 4+ 2fwnS + Wi

then the natural angular frequency w.2 = 16 and wn, = 4
rad/s. The damping ratio { is given by 2{w, = 3.6 and so {
= 3.6/(2 x 4) = 0.45. The oscillation is underdamped.

Using equation [38], the angular frequency of the
undamped oscillation is given by:

w=wn/1-{% =4/1-0.452 =3.57 rad/s
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i(t) i(s)
v(t)f R vis)¥ |rR
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Figure 6.20 Resistance:
(a) time,  (b) s-domain

i(t) 1(s)
v(t)T 2(1) V(s)T ze)
sL
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I(s) 1)

iofs
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Figure 6.21 Inductance:
(a) time, (b), (c), (d) s-domain

¢rm ¢j_’(3)

Z(s)

W) T Vis) T 1sC
(a) (b)
b

Z(s)
V(s) 1/sC

v(/s

© (d)

Figure 6.22 Capacitance:

(a) time domain, (b), (c), (d) s-domain

6.3.2 Electrical circuit analysis

While we could write differential equations to represent electrical
circuits and then solve them by the use of the Laplace transform, a
simpler method is to replace time-domain components by their
equivalents in the s-domain.

Resistance R in the time domain is defined as v(£)/i(f). Taking
the Laplace transform of this equation gives a definition of
resistance in the s-domain (Figure 6.20) as:

V(s)

=T [39]
Inductance L in the time domain (Figure 6.21(a)) is defined by:
W) = L%’l

The Laplace transform of this equation is V(s) = L[sI(s) — i(0)].
With zero initial current then V(s) = sLI(s). Impedance in the
s-domain Z(s) is defined as V{(s)/I(s), thus for inductance (Figure
6.21(b)):

V(s)

1) = sL [40]

Z(s) =

If the current was not initially zero but i(0) = io, then V(s) = sLI(s)
- Lio. This equation can be considered to describe two series
elements (Figure 6.21(c)). The first term then represents the
potential difference across the inductance L, being Z(s)/(s), and the
second term a voltage generator of (-Lip). Alternatively we can
rearrange equation V(s) = sLI(s) — Li, in a form to represent two
parallel elements (Figure 6.21(d)):

V(s)+Li Vs j
1(s)= (?S‘L > = s(L)+LSQ-

[41]

I(s) is the current into the system, V(s)/sL = V(s)/Z(s) can be
considered to be the current through the inductance and iy/s a
parallel current source.

Capacitance C in the time domain (Figure 6.22(a)) is defined
by:

dv(r)
dr

i(h=C

The Laplace transform of this equation is /(s) = C[sV(s) — v(0)]. If
we have v(0) = 0 then (Figure 6.22(b)):

14
2=t = 2]

If v(0) = v, then I(s) = CslV(s) — Cv(0) = CsV(s) — Cvo. We can
think of this representing /(s) entering a parallel arrangement



In the s-domain:

Resistance = R
Impedance of an inductance = SL

Impedance of a capacitance = 1/sC

All the techniques developed for use in
the analysis of circuits in the time
domain can be used in the s-domain.
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(Figure 6.22(c)) of a capacitor, and giving a current through it is
W(s)/Z(s) = Cs¥(s), and a current source (—-Cvo). Alternatively we
can rearrange the equation as:

V) = sis)+ B2 [43]

This equation now represents a capacitor in series with a voltage
source of vo/s (Figure 6.22(d)).

Example

Determine the impedance and equivalent series circuit in
the s-domain of an inductance of 50 mH if there is a
current of 0.1 A attime t= 0.

The impedance in the s-domain is given by equation [40]
as 0.050s Q. Its equivalent series circuit with the initial
condition i(0) = 0.1 A is of a voltage source of —0.050 x
0.1 = 0.005 V in series with the impedance of 0.050s Q.

Example

Determine the impedance in the s-domain of a
capacitance of 0.1 puF and its equivalent series circuit
when the capacitor has been charged to 5 V at time t = 0.

The impedance in the s-domain is given by equation [42]
as 1/sC = 1/(0.1 x 10%s) Q, and its equivalent series
circuit with the initial condition v(0) = 5 V is of a voltage
source of —5/s in series with the impedance of 10"/s Q.

Using Kirchhoff’s laws

Because of the additive property of the Laplace transform, the
transform of a number of time-domain functions is the sum of the
transforms of each separate function. Thus with Kirchhoff’s
current law, the algebraic sum of the time-domain currents at a
junction is zero and so the sum of the transformed currents is also
zero. With Kirchhoff’s voltage law, the sum of the time-domain
voltages around a closed loop is zero and thus the sum of the
transformed voltages is also zero. A consequence of this is that:

All the techniques developed for use in the analysis of circuits
in the time domain can be used in the s-domain.

The following examples illustrate this.
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Figure 6.23  Example
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Figure 6.24 Example

Example

Determine the impedance in the s-domain of a 10 Q
resistor in (a) series and (b) parallel with a 1 mH inductor.

(a) For impedances in series Z(S) = Zi(s) + Zx(s) = 10 +
0.001s Q.
(b) For impedances in parallel we have:

1 1 1 1

= I EE I _0.001s+10
Z2(s) ~ Z4(s) " Z2(s) — 10 7 0.001s ~

0.01s

Hence Z(s) = 0.01s/(0.001s + 10) Q.

Example

Determine how the circuit current varies with time for a
circuit having a resistance R in series with an initially
uncharged capacitance C when the input to the circuit is
a step voltage V attime t = 0.

Figure 6.23(a) shows the circuit in the time domain and
Figure 6.23(b) the equivalent circuit in the s-domain. A
unit step at t = 0 has the Laplace transform 1/s and thus
a voltage step of V has a transform of V/s. The
impedance of the capacitance is 1/sC. Thus, applying
Kirchhoff's voltage law to the circuit:

Y _Ris)+ 1)

_ v ViR
I$) = Rs317C = S+ (AIRC)

This is a constant multiplied by 1/(s + a), thus:

it = % e-tRC

Example

A ramp voltage of v = kt is applied at time t = 0 to a
circuit consisting of an inductance L in series with a
resistance R. If initially at ¢ = 0 there is no current in the
circuit, determine how the circuit current varies with time.

The Laplace transform of kt is k/s%. The inductance has
an impedance in the s-domain of sL. Thus the circuit in
the s-domain is as shown in Figure 6.24. Applying
Kirchhoff's voltage law to the circuit gives:
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Figure 8.25 Example
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K = sLis)+Ri(s)

and so:

k (K/RYRIL)

Its) = s2(sL+R) ~ s2(s+RIL)

This can be simplified by partial fractions, writing a for
RIL:

__a_ _A. B C_ _A(s+a)+Bs(s+a)+Cs?
si(s+a) sz Sts+ac s2(s+a)

Hence A=1, B=-1/aand C = 1/a. Thus:

k(A 1 1
Is) = ﬁ(? ~ (RIDs * (RID)(s +RID) )

Hence:

0= %(t- R + R )

Example

Determine the transfer function of the circuit shown in
Figure 6.25 and the output vo(f) resulting from a unit step
input, given that R, = 10 kQ, R, =22kQ and C= 1 uF.

The Laplace equivalent circuit is shown in Figure 6.26.
The impedance Zp(s) for the parallel arrangement of R;
and the capacitor is given by:

1 _1, 1
Z,(5) ~ Rz T TisC

R
Zp(9) = 77 sCR;

We have a potential divided circuit and so:
(1rstmz)
1+scR2

R, )
(R1 * 15 sCR;

The transfer function G(s) of the system is thus:

®) 3
7"R1(1+sCR2)+R2

Vo(S) = Vi(s) =V,

Vo(s) _ R2
Vi(s) ~ Ri1(1+SCR2)+R2

G(s) =
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Using the given values:

_ 22%10°
G(9)= 2305 + 32 103

For a unit step input we have Vi(s) = 1/s and so:

___22x103 1___100
Vo($)= 5305 +32x 103 X5 = s(s+145.45)

We can use equation [6] in Table 6.1 or partial fractions
to obtain the inverse. Partial fractions give:

_ 0.687 _ 0687
Vo(9)= 5 -~ 5314545

and so:

vo(f) = 0.687(1 — e 1445

Problems 6.3

1 A system has an input of a voltage of 3 V which is

suddenly applied by a switch being closed. What is the
input as an s function?

A system has an input of a voltage impulse of 2 V. What
is the input as an s function?

A system has an input of a voltage of a ramp voitage
which increases at 5 V per second. What is the input as
an s function?

A system gives an output of 1/(s + 5) V(s). What is the
output as a function of time?

A system has a transfer function of 5/(s + 3). What will
be its output as a function of time when subject to (a) a
unit step input of 1 V, (b) a unit impulse input of 1 V?

A system has a transfer function of 2/(s + 1). What will
be its output as a function of time when subject to (a) a
step input of 3 V, (b) an impulse input of 3 V?

A system has a transfer function of 1/(s + 2). What will
be its output as a function of time when subject to (a) a
step input of 4 V, (b) a ramp input unit impulse of 1 V/s?
Use partial fractions to simplify the following
expressions:

s-6 $+5 2s-1
@ Go1xs-2 ® 57435420 © (s49)2

9 A system has a transfer function of:

8(s+3)(s+8)
(5+2)(s+4)




10

11

12

13

14

15

16

17

18

Laplace transform 233

What will be the output as a time function when it is
subject to a unit step input? Hint: use partial fractions.
A system has a transfer function of:

8(s+1)

G(s) = (5+2)2

What will be the output from the system when it is
subject to a unit impulse input? Hint: use partial
fractions.

What will be the state of damping of systems having the
following transfer functions and subject to a unit step
input?

1 1 1
@ s2+28+1" (b) s2+7s+12° © $2+8+1

The input x and output y of a system are described by
the differential equation:

—‘%+2y=x

Determine how the output will vary with time when there
is an input which starts at zero time and then increases
at the constant rate of 6 units/s. The initial output is zero.
The input x and output y of a system are described by
the differential equation:

d? d
—cm},i+3d—)t' +2y=x

If initially the input and output are zero, what will be the
output when there is a unit step input?

The input x and output y of a system are described by
the differential equation:

d?y  dy

et 43 +3y=x

If initially the input and output are zero, what will be the
output when there is a unit impulse input?

A control system has a forward path transfer function of
2/(s + 2) and a negative feedback loop with transfer
function 4. What will be the response of the system to a
unit step input?

A system has a transfer function of 100/(s®> + s + 100).
What will be its natural frequency w. and its damping
ratio {?

A system has a transfer function of 10/(s*> + 4s + 9). Is
the system under-damped, critically damped or over-
damped?

A system has a transfer function of 3/(s? + 6s + 9). Is the
system under-damped, critically damped or over-
damped?
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19

20

21

22

23

24

A system has a forward path transfer function of 10/(s +
3) and a negative feedback loop with transfer function 5.
What is the time constant of the resulting first-order
system?

Determine the series and parallel models in the
s-domain for (a) an inductance of 10 mH when i(0) =
0.2 A, (b) a capacitance of 2 uF when v(0) = 5 V.
Determine the impedance in the s-domain of a
resistance of 10 Q in (a) series, (b) parallel with a 2 mH
inductance.

Determine how the current varies with time when a
charged capacitor, with a potential difference of vy, is
allowed to discharge through a resistance R.

Determine how the current varies with time when a step
voltage Vu(f) is applied to a circuit consisting of a
resistance R in series with an inductance L, there being
no initial current in the circuit.

Determine how the current varies with time when a 1 V
impulse is applied at time t = 0 to a circuit consisting of a
resistance R in series with a capacitance C, there being
no initial potential difference across the capacitor.



Summary

Sequences and
series

signals.

Objectives

This chapter introduces the idea of sequences, such concepts proving particularly relevant in
considerations of digital signals which can be thought of as sequences of pulses. The main aspect
of the chapter is, however, series and the use of the Fourier series to represent non-sinusoidal

By the end of this chapter, the reader should be able to:

¢ understand what is meant by a sequence and uses the idea to describe digital signals;

* recognise arithmetic and geometric series;

e recognise that some series can converge to a limit, determining the sums of such series;

* recognise the binomial series and uses it in engineering problems;

* represents waveforms by Fourier series and applies the series in the analysis of electrical
circuit problems involving non-sinusoidal signals.

7.1 Sequences and
series

A sequence is a set of quantities stated
in a definite order.

This section considers what is meant by sets and sequences,

considering some commonly encountered forms and their
relevance to engineering.

7.1.1 Sequences

Consider the numbers, 1, 3, 5, 7, 9. Such a set of numbers is
termed a sequence because the numbers are stated in a definite
order, 1 followed by 3 followed by 5, etc. Another sequence might
be 1, —;—, %, %,1—16. These sequences have a finite number of
terms but often we can meet ones involving an infinite number of
terms, e.g. 2,4, 6, 8, 10, 12, .., etc.

The term sequence is used for a set of quantities stated in a
definite order.

In general we can write a sequence as:
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f(t)
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Figure 7.1 (a) Unit step,
(b) unit step sequence

An arithmetic sequence has each term
formed from the previous term by
simply adding on a constant value.

xkl=a+ (k- 1)d
A geometric sequence has each term
formed from the previous term by

multiplying it by a constant factor, e.g.
3,6,12,24, ..

XK = art

first value of variable, second value of variable, third value of
variable, ..., etc.

or, if x is the variable:
x[1], x[2], x[3], ..., etc.

This is usually more compactly written as x[k], where k = 1, 2, 3,
..., etc. Such a form of notation is commonly encountered in signal
processing when perhaps an analogue signal is sampled at a
number of sequential points and the resulting sequence of digital
signal values processed. For example, if an analogue unit step
signal is sampled the sampled data output might be expressed as
x[k] =0 for k <0, x[k] = 1 for k2 0 with k= 0, 1, 2, 3, 4, etc.
Figure 7.1 shows graphs of the unit step input and the sampled
output.

Sometimes it is possible to describe a sequence by giving a rule
for the kth term, common forms being the arithmetic and
geometric sequences.

* Arithmetic sequence
An arithmetic sequence has each term formed from the
previous term by simply adding on a constant value. If a is the
first term and 4 the common difference between successive
terms, the terms are:

a,(a+d), (a+2d), (a+3d), .., etc. 1]

The kthtermisa + (k- 1)d, withk =1, 2, 3, 4, ..., etc. (note
that if k has the values 0, 1, 2, etc. the kth term is a + kd).
Thus for such a sequence we can write:

xlk}=a+ (k- 1)d [2]

» Geometric sequence
A geometric sequence has each term formed from the previous
term by multiplying it by a constant factor, e.g. 3, 6, 12, 24, ...
If a is the first term and r the common ratio between
successive terms, the terms are:

a, ar, ar’, ar’ + ..., etc. 3]

The kth term is a™!, with k =1, 2, 3, 4, ..., etc. Thus for such
a sequence we can write:

x[k] = ar*! (4]

* Harmonic sequence

The sequence 1, %, %, %, ... is termed the harmonic

sequence and defined for k = 1, 2, 3, etc. by:



A series is the sum of the terms of a
sequence.
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*k) =+ 15]

Sequences can be generated by other rules. For example, the
sequence 1, 2, 5, 10, 17, ... is generated by x[k] = 1 + (k — 1)?,
where k = 1, 2, 3, ... . This sequence is neither an arithmetic nor a
geometric sequence.

Example

Write down the first five terms of the sequence x{K]
defined by x{k] = ¥2k? + k when k > 0.

When k= 0 we have 0 + 0, when k=1 we have 0.5 + 1,
when k = 2 we have 2 + 2, and so on. The sequence is
thus 0, 1.5, 4, 7.5, 12.

7.1.2 Series

A series is formed by adding the terms of a sequence. Thus 1 + 3 +
5+7+9+ .., etc. is a series.

A series is the sum of the terms of a sequence.

The sum of 7 terms of a series is written using sigma notation as:

n

Sn= 2, x[k] (6]

k=1

The first and the last values of k are shown below and above the
sigma. For example, the series 1 + 3 + 5 + 7 + 9 would have the
sum, over the five terms, written as:

5

Ss=2(2k-1)
i=1

Common series are:

* Arithmetic series
An arithmetic series has each term formed from the previous
term by simply adding on a constant value. Such a series can
be written in the general form as:

a+{a+d}+{a+2d}+{a+3d}+. . +{a+(n-1d} [7]
The sum to k terms is:

Se={a}+{(a+d} +{(a+2d)}+{(a+3d)} +..
+{a+ (n-1)d}

If we write this back to front then:
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Si={a+n-1Dd}+{a+(n-2)d}+{a+@n-3)d}+... {a}

Adding these two equations gives first term plus first term,
second term plus second term, etc. and we obtain:

2Se={2a+ (- Dd} +{2a+(n - Dd} + {2a+ (n- Dd} + ..
for k terms. Thus 2S; = n{2a + (n — 1)d} and so:

Sk = Yan{2a + (n — 1)d} (8]
Geometric series

A geometric series has each term formed from the previous
term by multiplying it by a constant factor. Such a series can
be written in the general form as:

atar+ar+ar+.. +ar! 91
The sum to the kth terms is:

Se=a+ar+artr+ar+.. +ar!

Multiplying by r gives:

rSs=ar+ar*+arr+art+.. +ar

Hence S, — rS: = a — ar”, and so, provided k + 1:

5 M2 [10]
Example

Determine the sum of the arithmetic series 1 + 5+ 9 + ...
if it contains 10 terms.

Such a series has a first term a of 1 and a common
difference d of 4. Thus, using equation [8]:

«= %{2a + (k- 1)d} = % x 10{2 + 9 x 4} = 190

Example

Determine the sum of the geometric series 4 +6 + 9 + ...
if it contains 10 terms.

Such a series has a first term of 4 and a common ratio of
3/2. Thus, using equation [10]:




A series in which the sum of the series
tends to a definite value as the number of
terms tends to infinity is called a
convergent series.
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s, . ad-rY _4(1-1.5'
K="q1-r TT1-15

=453.3

Convergent and divergent series

So far we have considered the sums of series with a finite number
of terms. What about the sum when we have a series with an
infinite number of terms?

A series in which the sum of the series tends to a definite
value as the number of terms tends to infinity is called a
convergent series.

Consider an arithmetic seriesa + (a + d) + (a + 2d) + ... for an
infinite number of terms. For & terms we have the sum (equation
[8D) of:

Se=Yn{2a + (n - 1)d}

As k tends to infinity then » tends to infinity and so the sum tends
to infinity. The sum of an infinite arithmetic series is infinity. The
series is said to be divergent.

Consider a geometric series a + ar + ar’* + ... for an infinite
number of terms. For k terms we have the sum (equation [10]) of:

_a(l—r")_ a ar”
Se=1r =T-r"1-r (1]

Suppose we have —1 < r < 1, as n tends to infinity then »” tends to
0. Thus the second term converges to zero and we are left with just
the first term. Thus such a series converges to the sum:

Sw= T for-1<r<1 (12

Thus the geometric series x[k] = 3" converges to the sum 6.
However, if we had the geometric series x[k] = 3 then the sum is
given by equation [15] as -3 + 3 x 2" and thus as n tends to
infinity the sum tends to infinity. For |r| > 1 the geometric series
does not converge.

There are a number of ways that are used to determine whether
a series will converge:

»  Comparison test
A series of positive terms is convergent if its terms are less
than the corresponding terms of a positive series which is
known to converge. Similarly, the series is divergent if its
terms are greater than the corresponding terms of a series
which is known to be divergent. As an example, consider:

l+—212—+§%+‘—‘1;+...
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The size of a real number x is called its
modulus and denoted by |x].

The symbol | appearing after a number means
that it is multiplied by all the integers between
tand1,e9.51=5x4x3x2x1.

Suppose we know that the series:

1+—212—+—213—+—21;+...

converges (it is a geometric series with » = %), then if, after
the first two terms, we compare terms we find that every term
in our convergent series is greater than the one we are
considering. Thus the series must also converge.

D’Alembert’s ratio test

An infinite series is convergent if, as & tends to infinity, the
ratio of each term u,+ to the preceding term , is numerically
less than 1 and divergent if greater than 1, i.e.

: Untl .
},ggl 0, | < 1, the series converges,

. u . .
lim | %2:L| > 1, the series diverges,
. u . .
lim l R 1 l = 1, the series may converge or diverge.

Consider the series:

1——2L!+—3L!—;‘1!—+...

The nth term u, is |1/n!| and the (7 + 1)th term u,. is [1/(n +
1)!|. Therefore:

Upy | (n+ 1) _| 1 l
Un ~ 1 “In+l
n!

As n tends to infinity then:

. Unti I
lim | G| <1

and so the series converges.

Example
Find the sum to infinity of the series4 +2+ 1+ %2+ .

This is a geometric series with @ = 4 and r = %. Using
equation [12]:
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Example

Determine, using the comparison test, whether the series
xkl=1/n",i.e.1+1/22+1/3%+ 1/4* + __, is convergent.

If we exclude the first two terms we can compare it with
the geometric series 1/23 + 1/2* + 1/2° + ... which is
known to be convergent. Each term in this series being
tested is smaller than the comparable term in the
comparison series. Thus it must be convergent.

Example

Determine, using d’Alembert’s ratio test, whether the
series 1 + x + x3/21 + x3/3! + ... is convergent.

Using d'Alembert’s ratio test, since u, = x™'/(n — 1)! and
Un+1 = X701

xn—1
Upt _ (-1 x
Un = xn = n
n

In the limit as n tends to infinity then the ratio tends to 0.
Thus the series is convergent.

Power series

A series of the type:
atax+taxi+axd+ .. +ax'+ ..

is known as a power series. If we apply d’Alembert’s ratio test
then the series will be convergent when:

amlxml

lim =g, | <1
This can be written as:

x| i | 2| <1
or.
x| <Jim | %t (13

Thus there are conditions attached to the value of x if the series is
to converge. Examples are given later in this chapter.
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Example
For what values of x is the series x{k] = x"/n convergent?

Here a, = 1/n and an1 = 1/(n + 1). Thus |a»/a, = (n +
1)/n =1 + 1/n and so in the limit we have the value of 1
for the limit. Thus the condition for convergence is that |x|
<for-1<x<+i.

Binomial series

For (1 + x)* we can readily show that it can be written as 1 + 2x +
x*. If we multiply this by (1 + x) we obtain 1 + 3x + 3x* + x>,
Multiplying by repeated factors of (1 + x) enables expansions of
higher powers of (1 + x) to be generated. This is, however, rather
cumbersome if, say, we wanted the expansion of (1 + x)'°. There is,
however, a pattern in the results:

+x)'= 1 + 1Ix

(+x)?= 1 + 2x + 12
A+xP= 1+ 3x+ 32 + 1x°
(I+x)4=1+ 4x + 6x2 + 4x° + 1x*

If we just write the coefficients the pattern is more readily
discerned:

1 3 31
1 4 6 41

Every coefficient is obtained by adding the two either side of it in
the row above. Thus, for example, we have:

1

1 1 3
N, N

The above pattern is known as Pascal’s triangle.
However, we can show that the above pattern can be given by:

(1+x)"=l+nx+"("2!-l)x2+"("_13)!("—2);:% [14]

This is known as the Binomial theorem. The theorem can be used
for both positive and negative values of » and fractional values.
With n a positive number the series will eventually terminate.
With n a negative number, the series does not terminate. The
series converges if we have -1 <x < 1.
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Example
Expand by the binomial theorem (1 + x)®.

(1+x)8=1+6x+ 6:;f’xz-r 6>‘:,?!""’x3+ 6"5;‘!4X3x

+6x5x4'x3x2x5+ 6x5><4x|3x2x1 X8

=1+6x+15x2+2003 +15x* +6x° + X®

Example
Write the first four terms in the expansion of (1 + x)'2.

%(j) X2+ %(—%3)!(_%) Xt

=14+3x-Fx2+ X3+ ...

Maths in action

Making approximations

A common use of the Binomial theorem in engineering is
for making approximations. For example, we might want
to determine the change in the second moment of area of
a rectangle which was given by bL¥12 if b is increased by
3% and L reduced by 2%. The new second moment of
area is:

A+ =1+3x+

I=5(1+0.03)b[(1-0.02)L]°
= BL> (140.031-0.02°

Using the Binomial theorem for the cubed term and
neglecting, since they will be very smail, all terms
involving powers of 0.02:

1=BL> (140.03)1-0.08+.) = B> (140.03-0.06 +..)

Hence, / = 0.97bL%/12 and so the percentage change is a
reduction by approximately 3%.
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Useful power series

Table 7.1 gives some commonly met functions and their series

expansions.

Table 7.1 Power series

Function Series Validity
3 S 7

sin x x-l;,—+l‘5-7—l‘7-7+... For all x
2 4 6

oS x x-%,—+%—%+.” For all x
3 L] 7

tan x x+*§-!-+2ix5-+ 1371’2 + 2 <x<m/2

x2_ X3 x4

e l+x+ 3Tt 4Tt For all x

: x3 x5 x7

sinh x x+ 30 + 50 + 7 +... For all x
2 4 6

cosh x 1*%’“%*%* For all x
2 3 4

In(1+x) x %+%—%+... -1<x<1

Example

expansion of the function e sin x.

Table 7.1 gives:

. x3 x5 .
sin x = X— 37 + gy +-.., valid for all values of x

cz e X X2 X3 .
e*=1++7+5r +37 +...,valid for all values of x

We can multiply these two series to give

2,3 3,5
exsin x = (1+1i!+%+§—!+...)(x~%+%i—+...)
=x+x2+ (-}—%)x3+(%—%)x‘
+ (1J2—+§4-—715)x5+...

O

=x+x2 +%X3—%X5+...

Using series given in Table 7.1, determine the series
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Example

Using Table 6.1, determine the series, as far as the x®
term, for the function y = e**.

Table 6.1 gives:
2 ]
e=1 +%+%+%+...

If we substitute 4x for x then we obtain:

e"‘=1+%+ 13’,‘2 +Q‘3’,‘—3+...=1+4x+8x2+%1x3+...

Problems 7.1

1 A sinusoidal signal f(f) = sin t is sampled every quarter
period starting when t = 0. State the sequence of
sampled values.

2 Write down the first five terms of the sequence x[k]
defined, for k > 0, by (a) x[k] = k, (b) x[k] = e™*.

3 State the fifth term of (a) the arithmetic sequence given
by 4, 7, 10, ..., (b) the geometric sequence given by 12,
6,3, ...

4 Write an equation for the kth term, where k=1, 2, 3, ...,
for the following sequences (a) 1, -1, 1, -1, ..., (b) 5, 10,
15,20, ...,(©) 2,1,5,1,0.5, ...

5 Write down the first five terms of the sequence x[K]
defined, for k > 0, by (a) x[k] = k2, (b) x[k] = e, (c) x[k] =
Y2k? + 2k.

6 State the fifth term of the arithmetic progression given
by5,7,9, ...

7 State the fifth term of the geometric progression given
by 8,4,2, ...

8 Write an equation for the kth term for the following
sequences: (3) ¥, 16, & -, (b) =2, +2, =2, ..., (C) 3.1,
3.01, 3.001, ...

9 State the first three terms of the sequences given by:

(a) (0.1)%, (b) 5 + (0.1)%, (¢) (-1)*

10 Determine the sums of the following series if each
contains 12 terms:

(@)2+5+8+.., (b)5+3+3+..,
€ 4+36+324+ ...

11 Determine the sums of the following arithmetic or
geometric series if each contains 10 terms:
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12

13

14

15

16

17

18

19

(8)3+25+20+..,(b)12+6+3+ ..,
(©1+2+ 4+8+..

Find the sum to infinity of the series:

()6 +3+15+ .. (b)4+3+225+ .,
(©)12+3+0.75+...

Using the comparison test, determine whether the
following series are convergent or divergent:

(@) xfk] = 1/3" (compare with 1/2"), (b) xik] = 1.5"
(compare with 17)

Using d’Alembert’'s ratio test, determine whether the
following series are convergent or divergent:

-1 n—1xn
@x-5+% 4.+ E0r
32 33 37
(b) 3+ S R T b R
Determine which of the following series is convergent

and which divergent:
(@-1+1-1+ . (-1)+
(b)1e'+2e2+3e3+...ne"+ ..,

(0 2X[+1,2x221,2x341, 2041,

2n—1

@ 5@ 5 i 0 3 0

Expand by the binomial theorem:

(@) (1 +x)*, (b) (1 +x%, () (1 -x)7,

(d) (1 + 0.25)" for four terms, (e) (4 + x)'? for four terms.

Use the binomial theorem to write the first four terms of:

(a) (1 +x)%, (b) (1 - 2x

©) (14307 () Lo

By using the binomial theorem, determine the cube root
of 1.04 to four decimal places. Hint: write 1.04 as 1 +
0.04.

The transverse deflection § of a column of iength L when
subject to a vertical load F and a horizontal load H at the
top is given by:
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D

where a? = F/EIl. Show that as F tends to a zero value
that & tends to HL3/3El.
Determine the series expansion for cosh x using the
relationship cosh x = ¥.(e* + ™).
Determine the series expansion for tan x using tan x =
sin x/cos x.
Using Table 7.1, determine the series for the following
functions:
(@ y=e* (b)y=ecosx, (€ y=(1+x7"?,
(d) y=e*In(1 + x), (e) y=secx, (f) y=cos?x
Show that, if x is small:

1
Trx ~(1-20" = 3x2
For a continuous belt passing round two wheels,

diameters d and D, with centres a distance x apart, the
length L of beit required, if there is no sag, is:

L=2xcosa+ 3n(D+d)+(D~-da
where sin a = (D - d)/2x. Show that:

—dh2
Lz2x+%n(D+d)+ (D4Xd)

The displacement x of the slider of a reciprocating
mechanism depends on the crankshaft angle 6, being
related by

I'2 )
xX=rcos@+L 1—Fsm /]

where r is the radius of the crankshaft and L the length of
the connecting rod. Show, when /L is considerably
smaller than 1, that:

xzrcoso+L—§:sin20

Determine the approximate percentage change in the
volume of a cylinder if its radius is reduced by 4% and its
height increased by 2%.

The resonant frequency of an electrical circuit containing
capacitance C and inductance L is given by 1/[22V(LC)).
Determine the approximate percentage change in the
frequency if the capacitance is increased by 2% and the
inductance decreased by 1%.
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7.2 Fourier series

Fourier series:.

frequency.

expressed as:
y=Ag+ 2 A,,sin(nwl+ ¢,,)
n=1

Any periodic waveform can be
represented by a constant d.c. signal
term plus terms involving sinusoidal
waveforms of multiples of a basic

The Fourier series is concisely

Alternating waveforms in, say, electrical circuits are not always
sinusoidal. For example, many voltages which might initially have
been sinusoidal have their waveforms ‘distorted’ by being applied
to some non-linear device and thus we need to be able to
considered the behaviour of such a waveform with an electrical
circuit. In other cases we might have a rectangular waveform
rather than a sinusoidal one. This section is a consideration of how
we can use a series to describe such waveforms.

7.2.1 Fourier series

In 1822 Jean Baptiste Fourier proposed that any periodic
waveform could be made up of a combination of sinusoidal
waveforms, i.e.

y=Ao+ A sin(lwt + ¢1) + A, sinQuwt + ¢,) + As sin(Bwt + ¢3) + ...
[15]

This is termed the Fourier series. where Ao is a non-alternating
component, e.g. a d.c. component. The waveform element with the
lwt frequency is called the fundamental frequency or the first
harmonic, the element with the 2wt frequency the second
harmonic, the element with the 3w the third harmonic, and so on.
A, Ay, As are the amplitudes of the components and ¢, ¢,, ¢, etc.
their phases.

As an illustration, consider the waveform produced by having
just sine terms with the fundamental and the third harmonic and
A3 =A|/3, ie.

y=A;sinlot+ 14, sin3wt

Figure 7.2 shows graphs of the two terms and the waveform
obtained by adding the two, ordinate by ordinate.

PIIN PN

¢ \ \'\ Sum of the two waveforms
! 1

\ ¢ \

/ 3 Fundamental

1 3rd harmonic

Time

AN

Figure 7.2 Adding two waveforms
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The result of adding the two waveforms is something that
begins to look a bit like a rectangular waveform. The addition of a

d.c. term shifts the waveform up or down. If we add a d.c. term of
0.79 A, then Figure 7.2 becomes transformed to Figure 7.3:

y=0.7941 + 4 sin 1ot + 34, sin 3ot

Fundamental

Figure 7.3 Adding ad.c. term

A better approximation to a rectangular waveform is given by

adding more terms:
y=0.794, +4, sin lot + $4, sin 3wt + +4, sin 5ot
+3AysinTot + ...

0
Figure 7.4 Rectangular
waveform

Alternative way of writing the Fourier series

There is an alternative, simpler, way of writing equation [15].
Since sin (4 + B) =sin A cos B + cos A sin B we can write:

Time
We then obtain a rectangular waveform which approximates to a
periodic sequence of pulses (Figure 7.4).

A, sin(lot + ¢1) = A, sin ¢, cos 1wt + A, cos ¢, sin 1wt

If we represent the non-time varying terms 4, sin ¢, by a constant

a and A4, cos ¢, by b,, then:
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Note: in Figure 7.3 the addition of a d.c.
term of 0.79 to the waveform results in
an average value of this waveform over
one cycle of 0.79. The term %a, in the
Fourier series thus represents the
average value of the waveform over a
cycle.

A sin(lot + ¢)) = a; cos 1ot + b, sin 1ot
Likewise we can write:

A sin2ewt + ¢,) = a; cos 2wt + b sin 2wt
Ajs sin(Bwt + ¢3) = as cos 3wt + by sin 3wt

and so on. If, for convenience we choose to write Y“a, for A,
equation [10] can be written as:

y = Ysa0 + a; cos 1wt + a; cos 2wt +as cos 3wt + ...
+ by sin 1wt + by sin 2wt + bs sin 3wt + ... [16]

Hence we can write the Fourier series equation as:
1 o0 a0
y=3do0+ Z] an cosnot + 2, bn sinnot (17
n= n=1

The a and b terms are called the Fourier coefficients.
Since we have a, = 4, sin ¢, and b, = A, cos ¢, then:

bn =tan—'(‘;: ) (18]
and, since:

a2+b% =A2 sin’¢, + A2 cos?¢, = A2

we have:

An= Ja+b2 [19]

7.2.2 Fourier coefficients

Now consider how we can establish the Fourier coefficients for a
waveform. Suppose we have the Fourier series in the form of
equation [16]:

Y= %ao +ai COSwt +az Cos 2t + ... + A, COSNE
+b sinwt + by sin 2wt +... + b, sinnwt

If we integrate both sides of the equation over one period 7.of the
fundamental, the integral for each cosine and sine term will be the
area under the graph of that expression for one cycle and thus
zero. A consequence of this is that the only term which is not zero
when we integrate the equation is the integral of the g term. Thus,
integrating over one period T gives:

L:ydt= j: %aodt= saoT
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and so:
T
ao="% [ yat [20]

We can obtain the a, term by multiplying the equation by cos o
and then integrating over one period. Thus the equation becomes:

YCOSWE = +ao Coswt +a) cos wt oS wt + az Cos wt cos 2t
+ ...+ b, cos wf sin wt + by cos wt sin 2wt + ...

= 30 COS Wt + a; cos? wt + a; COS wt cos 20t
+ ... + by cos wt sin cwt + by cos wt sin 2wt + ...

The integration over a period 7 of all the terms involving sin wf
and cos w! will be zero. Thus we are only left with the cos® wf term
and so, using equation [13]:

T T
§,yooswtde = f aicos’wrtdt

= %al IZ(I +cos2wt) dr

M]T

20 =zaT

-
—201[f+ 0

and so we have:

a = % f:ycosa)tdt (21}
In general, multiplying the equation by cos nwt gives:

an= % _\':ycosnwtdt [22]
This equation gives for n = 0 the equation given earlier for ao. This

would not have been the case if the first term in the Fourier series
had been written as ao instead of ao/2.

In a similar way, multiplying the equation by sin @r and
integrating over a period enables us to obtain the b coefficients.
Thus:

y sin wt = Y2aq sin wt + a; sin wt cos wt + a; sin wt cos 2wt
+ ... + by sin ot sin wt + b sin wt sin 2wt + ...

= Yhay sin wt + a, sin wt cos wt + a, sin wt cos 2wt
+ ... + by sin? ot + b, sin wt sin 2wt + ...

The integration over a period T of all the terms involving sin wf?
and cos wt will be zero and so:

T T .
§oysinotde={ b1 sin’wrdt
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y l One cycle l

0 T/72 T t

Figure 7.4 Rectangular
waveform

=1 §7 b1(1-cos2e0) dt

Hence:
bi=2f; ysinwrds [23]

In general, multiplying the equation by sin nwt and integrating
gives:

bn=4% f, ysinnords [24]

The following illustrates how the Fourier series can be established
for a number of common waveforms.

Rectangular waveform

Consider the rectangular waveform shown in Figure 7.4. It can be
described as:

y=Afor0<t<7/2,andy=0for7/2 <t < T, period T

Now consider the determination of the coefficients. Equation [20]
for aq:

ao=%f:ydt

has an integral which is the area under the graph of y against ¢ for
the period 7. Since this area is 47/2, we have a, = A. To obtain a,
we use equation [22]:

an= % _\.:ycosnwtdt

Since y has the value A up to 7/2 and is zero thereafter, we can
write the above equation in two parts as:

T

72
a,= % Io Acosnwtdt+—2T- Im 0cosnwtdt

The value of the second integral is 0 and so:

T2

2[/1 .

An = TLhw sinnwt]
Since w = 27t/T then the sine term is sin 2n7t/T. Thus with ¢ = 772
we have sin n7z which is zero and since sin 0 = 0, we have a, = 0.

For the b, terms we use equation [24]:

ba=2 [, ysinnotdt



y One cycle
A | |
0
T t

Figure 7.5 Sawtooth waveform
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Since we have y = 4 from 0 to 7/2 and then y = 0 for the
remainder of the period, this equation can be written in two parts
as:

T

by= AT IZ/ZA sinnwtdt+% jr/z

Osinnwtdt

The value of the second integral is 0 and so:

bn= %[—,;iw cosncot]:/2 = %(1 —cosnm)
Hence:

b= %(1 —COST) = %‘?—, by = iin(l —-cos2n)=0

by= —3‘%(1 —cos3n) = %A;?, etc.

Thus the Fourier series for the rectangular waveform can be
written as:

y=4(1 +Z sinor+ % sindor+...) [25]

Note that only odd harmonics are present.

Sawtooth waveform

Consider the sawtooth waveform shown in Figure 7.5. It can be
described by:

y=AUT for0<t<T, period T
To determine a, we use equation {20]:
T
ap= %: S o yat
The integral is the area under the graph of y against ¢ between 0
and time 7. This is A7/2 and so a; = 4. To obtain a, we use
equation [22]:
an= % jzycosnwtdt
Since @ = 27/T and y = A/T then:

_ 2T At 2nnt
an="7 ), 7 COSTp dr

Using integration by parts gives:

_2[ At . 2;nt At 2@:]’
a"_T[27m sin—7r +47:2n2 cos—r 0
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_M[ r __T ]_0
T T Ll4n2n2  4n2n2 |~

The values of a, are zero for all values other than a,. The values of
b, can be found by using equation [24]:

bn="7 f ysinnotdt = 0 ATt 27"" ds

Integration by parts gives:

_2 At 2nnt At 2nnt
b,= 7[— cos = + An2n? sin T ]0

L4

The Fourier series for the sawtooth waveform is thus:

y=4-4sinowt- £ sin20r- £ sin3or- . [26]
We can write this as:
y= % + % cos(wt + 12‘-) + -247? cosQwt + %)
A I
+ 3x cos(Qw!t + 2)+...

Half-wave rectified sinusoid

Consider a half-rectified sinusoidal waveform of period 7" (Figure
7.6). This can be described by:

y y=Asinwt=Asin2nt/Tfor0<t<T/2,y=0for7/2<t<T
A
We can determine ao by using equation [20]:
, 2 (T 4=
0 T2 T d0= T-foydt U Asmwtdt+_fm )
Figure 7.6  Half-wave =- [cos o2 =2

rectified sinusoid
Equation [22] can be used to determine a,.:

an= % f:ycosnwt dr= (f A sinwtcosnwt dr + j.m )
Since 2 sin 4 cos B = sin(4 + B) + sin(4 - B):

ap,= ’% f:n[sin(l +nmyowt +sin(1 - mywt ] dt

For n = 1 we have:

a = TJ. sm(l+1)wtdt——2T [coswt]f? =
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For n > 1 we have:

A 1 1 ™
an= 7[—m cos(1 +n)wt - (l_-n_)_a—) cos(l - n)cot]o
For even values of n we have cos(1 + n)n = -1 and cos(1 — n)n =
-1 and so:

A 1 1 1 1
((l+n)w t0me T0-ne T0-ne

T
=%(lin+ lzn)

For odd values, other than 1, of n we have cos(1 + n)x = 1 and
cos(1 — n)n = 1. This gives:

Gnodd = Af(‘(l +ln)w ta +1n)co Q —ln)w *a —ln)a)) =0
The values of b, can be found using equation [24]:

bp= % ijsinnwt dt = % jZnA sinwf sinnot dt

Since 2 sin 4 sin B = cos(4 - B) — cos(4 + B):

bp= ‘% j.glz[cos(l - n)wt - cos(1 +n)a)t] dr

For n = 1 we have:

bn ‘% f?[l —cos(1 +m)wt ] dt

= Af[! - 31?0- sin 2a)t]:/2 = %

For n > 1 we have:

12

ba= Af[rr-lm sin(1 - n)t - '(T+l_n)'c3 sin(1 +n)wt]0

Since sin(1 — n)z = 0 and sin(1 + n)n = 0, we have b, = 0 for all
values of n other than 1.
The Fourier series for the half-wave rectified sinusoid is thus:
A 24 24

=4_24 _24 4
Y= "3 cos 2wt 157 cosdwt +... + 7 sinwf [27]
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(c)
Figure 7.7  Origin shifts

Shifting the time origin of a waveform
to the right by ¢ means replacing ¢ by
(t + 6) in the Fourier series. Shifting
the time origin to the left by h means
replacing t by (¢t - 6).

Shifting the time axis vertically
downwards adds to the Fourier series
the amount of the shift, shifting
upwards subtracts.

Shift of origin
The Fourier series for the rectangular waveform shown in Figure
7.7(a) is:

y= %[sinwﬂ%sin3wt+%sin5wt+...:| [28]

Now consider the waveform in Figure 33.7(b). This is the
waveform in (a) with the time origin shifted to the right by /2. If
we work out the Fourier series for this waveform we find that it is
equation [28] with ¢ replaced by (¢ + n/2).

y= %[sin(wm-g-) +%sin3w(f+ 11) ++ sin5w(t+ 12‘-) + ]

2
and so:
y=3 coswr- L cos 3wt + L cosSwt - .. ] [29]
Thus we have the rule:

Shifting the time origin of a waveform to the right by & means
replacing t by (t + 0) in the Fourier series. Shifting the time
origin to the left by h means replacing t by (t - 0).

Now consider the waveform in Figure 33.7(c). This is that in (a)

shifted vertically by A4, i.e. the waveform in (a) plus A. The Fourier
series is then that of (a) plus A4:

y=A+¥sinwt+Lsin30t+ L sinSwr+ .. ] (30]
This gives the rule:

Shifting the time axis vertically downwards adds to the
Fourier series the amount of the shift, shifting upwards
subtracts.

7.2.3 Odd and even symmetry

As will be apparent from the above examples, certain terms are not
always present in a Fourier series. Consideration of whether
functions have odd or even symmetry about the origin enables us
to determine the presence or otherwise of terms.

*  Odd symmetry
A function with odd symmetry is defined as having f—f) =
—f{). This means that the function value for a particular
positive value of time is equal in magnitude but of opposite
sign to that for the corresponding negative value of that time.
Thus y = f{x) = x* is an odd function since {-2) = -8 = -A2).
For every point on the waveform for positive times there is a



Corresponding
values

Figure 7.8 Odd symmetry

Figure7.9 Even symmetry
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corresponding point on the waveform on a straight line drawn
through the origin and equidistant from it (Figure 7.8).

Even symmetry

A function with even symmetry is defined as having f—f) =
). This means that the function value for a particular
positive value of time is identical to that for the corresponding
negative value of that time. Thus y = f{x) = x? is an even
function since f{-2) = 4 = f{2). If the y-axis was a plane mirror
then the reflection of the positive time values for the
waveform would give the negative time values (Figure 7.9).

In determining Fourier coefficients it is necessary to consider

the odd or even nature of products of two odd or even functions.

Product of two even functions

Consider f{x) and g(x) and the product F(x) = fx)g(x). We can
write F(—x) = f—x)g(—x). Thus if Ax) and g(x) are both even
we must have F(—x) = fix)g(x) and so F(-x) = F(x). The
product of two even functions is an even function.

Product of two odd functions

Consider f{x) and g(x) and the product F(x) = f{x)g(x). We can
write F(-x) = f{—x)g(~x). Thus if fx) and g(x) are both odd we
must have F(-x) = {-x)}{-g(x)} and so F(-x) = F(x). The
product of two odd functions is an even function.

Product of an odd and an even function

Consider f{x) and g(x) and the product F(x) = f{x)g(x). We can
write F(-x) = fl-x)g(-x). Thus if fx) is even and g(x) is odd
we must have F(-x) = flx){-g(x)}= —fx)g(x) and so F(-x) =
—F(x). The product of an even and an odd function is an odd
function.

Example

Determine whether (a) x, (b) cos 2x and (c) x? cos 2x are
even or odd functions.

(a) y = fx) = x? is an even function since if we consider
some particular value of x, say -2, we have f(-2) = 4 =

f(2).

(b) y = f(x) = cos 2x is an even function since if we
consider some particular value of x, say —n/2 we have
f(-n/2) = 0 = f(n/2).

(c) Since the product of two even functions is even,
x2 cos 2x is an even function.
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Fourier coefficients for odd/even symmetry

Consider the coefficients for a Fourier series for functions showing
odd or even symmetry.

* a, coefficients
y ao is given by equation [20] as:

ao=2 [ foar=% 7 foa

12 0
T2 0 T2 t =L a2 [0 foar

y For a function with even symmetry we have the areas under
the waveform on each side of the y-axis equal in both size and
sign. Figure 7.10(a) illustrates this. A consequence of this is:

t ™72
T2 0 |2 ao=2x% [ fn (31
But for an odd function (Figure 7.10(b)) the areas under the
(b waveform on each side of the y-axis are equal in size but
opposite in sign. A consequence of this is that there can be no
Figure 7.10 (a) Even, (b) odd ao term:

T2 0

ao={, Apdt+{_ findt=0 [32]

We can look at this issue in another way. The mean value
over one cycle of a waveform is ai/2. Thus for an odd function
the mean value is O because the mean value is 0.

* a, coefficients
For the a, coefficients equation [22] gives:

an= % f: Si)cosnwt dt = % LT/TZ,Z S#) cosnwt dt

Since cos nwt is an even function, if f{f) is even then the
product is even. Hence we have, on the basis of the discussion
used for ay:

an=2x2 [ ftycosneot dt (33]

If A¢) is odd then the product is odd. Thus on the basis of the
discussion used for ao:

T2
an=2 [ fycosneot de =0 [34]

* b, coefficients
For the b, coefficients equation [24] gives:

bn= -% fzj(t) sinnot dt = lT ff;z/zj(t) sinnowt dt



If f(t) is an even function then the Fourier

series contains an a, term and only
cosine terms. If f(t) is an odd function
then the Fourier series contains no ao
term and only sine terms.

£(t)

3 1 0 1
2 2 2

Nlw

Figure 7.11  Example
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Since sin nwt is an odd function, if f{f) is even then the
product is odd. Thus, on the basis of the discussion used for
AQo.

ba=2 (T f)sinnot dr=0 (35]

If A») is odd then the product is even. Thus, on the basis of the
discussion used for ao:

ba=2 [ fysinnordr=2x2 17 fysinnords [36]

To summarise:

If f1v) is an even function then the Fourier series contains an
ag term and only cosine terms. If f(t) is an odd function then
the Fourier series contains no ao term and only sine terms.

Example

Determine the Fourier series for the function shown in
Figure 7.11.

The function is an even function and so the b coefficients
are all zero. The period is 2 and so w = n. Thus, using
equation [31]:

2 TR 172 1
ao=2x2 [ “ftyat=2(]," 1dt+ [, 0dt) = 20147 =1
Using equation [33]:

ap= 2x.lr 5;/2 fit) cos nwt dt

=2(f" 1cosnntat+f,, 0dt)

sinnnt V2 _ 2 . 1
=2|:'——nn—-Jo =7;;,—sm7n7z

Thus the Fourier series is:

y= —;—+%(0057zt— %cos3nt+%cos$nt+...)

Half-wave symmetry

It is often possible by considering the symmetry of successive
half-cycle waves within a waveform to recognise whether it will
contain odd or even harmonics.
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Figure 7.12 Waveform
with (a) identical positive and
negative half-cycles, (b)
repetition every half-cycle

Any complex waveform which has a
negative half-cycle which is just the
positive cycle inverted will contain only
odd harmonics, such a form of symmetry
being termed half-wave inversion.

Waveforms which repeat themselves
after each half-cycle of the fundamental
frequency will have just even harmonics,
such a form of symmetry being termed
half-wave repetition.

* Half-wave inversion
Any complex waveform which has a negative half-cycle which
is just the positive cycle inverted will contain only odd
harmonics, such a form of symmetry being termed half-wave
inversion. Thus Figure 7.12(a) shows a waveform which has
negative half-cycles which are just the positive half-cycles
inverted and so does not contain any even harmonics.

* Half-wave repetition
Waveforms which repeat themselves after each half-cycle of
the fundamental frequency will have just even harmonics,
such a form of symmetry being termed half-wave repetition.
Figure 7.12(b) show a waveform which repeats itself after
each half-cycle and so has just even harmonics.

We can see why the above statements occur by considering the
conditions that are necessary for a Fourier series to give the
required symmetry. Thus if we have the series describing the
waveform at time #;

vatt=Ya,+ a) cos lwt + a, cos 2wt + as cos 3wt + ...
+ by sin lwt + b, sin 2wt + by sin 3wt + ... [37]

To obtain the value of the waveform after half a cycle, i.e. at time
t + 7, we put this value of time into equation [37]:

vat(ft+m) = Ya0+ a cos lo(t + n) + a; cos 2w(t + )
+aycos 3wt + ) +... + by sin lw(t + n)
+ by sin 2w(t + m)+ by sin 3w(t + ) + ...

= Yhae - a, cos lwt + a, cos 2wt — as cos 3wt + ...
- b, sin lwt + by sin 2wt — by sin 3wt + ... [38]

If the waveform is to have negative half-cycles which are just
the positive half-cycles inverted we must have the waveform after
half a cycle, i.e. at time ¢ + 7z, which is —v at £. Thus we must have:

Yeag + ay cos lowt + a; cos 2wt + as cos 3wt + ...
+ by sin 1wt + by sin 2wt + b3 sin 3wt + ...
= - (Y2a0 - a, cos 1wt + a; cos 2wt — as cos 3wt + ...
— b, sin lwt + b, sin 2wt — b3 sin 3wt + ...) [39]

This can only occur if ao = 0, @, = 0, and all even harmonics are 0.

If the waveform is to have waveforms which repeat themselves
after half a cycle then we must have the waveform at time ¢ + 7
equal to v at time ¢. Thus we must have:

Yoay + ay cos 1wt + a; cos 2wt + as cos 3wt + ...
+ by sin 1wt + by sin 2wt + b3 sin 3wt + ...
= Yhay — a) cos lowt + a; cos 2wt — as cos 3wt + ...
— by sin 1wt + by sin 2wt — b sin 3wt + ... [40]

This can only occur if a, = 0, a; = 0 and all odd harmonics are 0.



Key point

Equations [41) and [42] are for the
Fourier series in the form:

y= Ao + A; sin (w! + ¢1)

+ Az sin 2wt + ¢;) + ...
Note that if we want to refer to a series in
the form:
y = Ap + Aj coS (ot + ¢4)

+A2c08 2wt + ¢2) + ...
then, in order to take account of sin wt =
cos (wt —- n/2), i.e. the phase difference

of —90° between the cosine and sine,
equation [42] becomes:

¢=tan-‘(:at:—")

A 1.0(

0.8[r
0.6

0.4F
0.2f ,
0 1

(a)
¢ O
90}
AR
oo’k 2 4 n
(b)

Figure 7.13  Frequency spectrum
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Figure 7.14 Frequency spectrum
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7.2.4 Frequency spectrum

The frequency spectrum comprises an amplitude spectrum, which
is a graph of the amplitudes of each of the constituent sinusoidal
components in the Fourier series plotted against frequency, and a
phase spectrum which is their phases. The amplitudes are given
from the Fourier coefficients by equation [19]:

Ap= Ja?+b2 [41]

and the phases of sinusoidal components by equation [18] as:

¢n=tan™ (Z_,,) [42]

Example

Determine the frequency spectrum of the rectangular
waveform with a; = 1, @, = 0 and b, = (1 - cos nn)/nz.

We have by = 2/n=0.64, b, =0, bs=2/37=0.21, by =0,
bs = 2/5n = 0.13, etc. The A, term is 1. Using equation
[41], the A, term is 0.64, the A, term O, the A; term 0.21,
the A, term 0, the As term 0.13, etc. The phases, when
referred to a sine wave, are 0° for all components. When
referred to a cosine wave they are —90°. Figure 7.13(a)
shows the resulting amplitude spectrum and Figure
7.13(b) the phase spectrum when referring to sinusoidal
components.

Example

Determine the frequency spectrum for a half-wave
rectified sinusoidal waveform if it has the Fourier series:

y= % —%cosZcot—%;cos4wt+...+%sinwt

The Ao term is 1/n = 0.32. Using equation [41], the A,
term is 0.5, the A, term 2/3z = 0.21, the A; term 0 and
the A, term 2/15n = 0.04. The phases, when referred to a
sine wave are ¢, = 0 and since —cos wt = sin(wt — 90°), ¢>
= -90° and ¢4 = —-90°. Figure 7.14(a) shows the amplitude
spectrum and Figure 7.14(b) the phase spectrum when
referring to sinusoidal components.
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Maths in action ,,

Electric circuit analysis

Often in considering electrical systems the input is not a
simple d.c. or sinusoidal a.c. signal but perhaps a square
wave periodic signal or a distorted sinusoidal signal or a
half-wave rectified sinusoid. Such problems can be
tackled by representing the waveform as a Fourier series
and using the principle of superposition; we find the
overall effect of the waveform by summing the effects
due to each term in the Fourier series considered aione.
Thus if we have a voltage waveform:

v=Vo+ Vi sinwt+ Vs sin 2wt + Vi sin 3of + ...
+ Vn Sin not

then we can consider the effects of each element taken
alone. Thus we can calculate the current due to the
voltage V; , that due to V; sin wt, that due to V; sin 2wt,
that due to Vs sin 3wt, and so on for all the terms in the
series. We then add these currents to obtain the overali
current due to the waveform.

Consider the application to a pure resistance R. Since i =
v/IR and resistance R is independent of frequency, then
the current due to the V; term is V/R, that due to the first
harmonic term is (V; sin wf)/R, that due to the second
harmonic term is (V. sin 2wf)/R and so on. Thus the
resulting current waveform is:

i= ~—R—+%1—sinwt+%sin2wt+...+!,§sinncot

Because the resistance is the same for each harmonic,
the amplitude of each voltage harmonic is reduced by the
same factor, i.e. the resistance. The phases of each
harmonic are not changed. The current waveform is thus
the same shape as the voitage waveform.

Consider the application to a pure inductance L. The
impedance of a pure inductance depends on the
frequency, i.e. its reactance X. = wl. Also the current
lags the voltage by 90°. The impedance is 0 when the
frequency is 0 and thus the current due to the V; term will
be 0. The current due to the first harmonic will be the
voltage of that harmonic divided by the impedance at
that frequency and so V; sin (wt — 90°)/wL. The current
due to the second harmonic will be the voltage of that
harmonic divided by the impedance at that frequency and
s0 Vi sin (2wt - 90°)/2wL. Thus the current waveform will
be:
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i= 2L sinol - 80°) + o2 sin(2oL ~90°) + .

Vi
nol

+ sin(nwL —90°)
Each of the voltage terms has its amplitude altered by a
different amount; the phase, however, is changed by the
same amount. The result is that the shape of the current
waveform is different to that of the voitage waveform.

Consider a pure capacitor capacitance C. The impedance
of a pure capacitor depends on the frequency, i.e. its
reactance Xc = 1/wC, and the current leads the voltage
by 90° The impedance is 0 when the frequency is 0 and
thus the current due to the V, term will be 0. The current
due to the first harmonic will be the voltage of that
harmonic divided by the impedance at that frequency and
so V; sin (wt + 90°)/(1/wC). For the second harmonic the
current will be the voltage of that harmonic divided by the
impedance at that frequency and so V,; sin (2wt +
90°)/(1/2wC). Thus the current waveform will be:

i=wCV sin(wt+90°) + 2wCV2 sin(2wt +90°) + ...
+nwCV, sin(nwt + 90°)

Each of the voltage terms has had their amplitude altered
by a different amount but the phase changed by the
same amount. The result of this is that the shape of the
current waveform is different to that of the voitage
waveform.

Example

A voltage of 2.5 + 3.2 sin 100¢f + 1.6 sin 200t V is applied
across a resistor having a resistance of 100 Q. Determine
the current through the resistor.

The complex current will be the sum of the currents due
to each of the voitage terms in the complex voitage.
Since the resistance is the same at all frequencies, the
complex current will be:

i=0.025 + 0.032 sin 100t + 0.016 sin 200t A

Thus, each of the elements has the same phase as the
corresponding voltage element.
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Example

A complex voltage of 2.5 + 3.2 sin 100¢ + 1.6 sin 200t V
is applied across a pure inductor having an inductance of
100 mH. Determine the current through the inductor.

The impedance is 0 when the frequency is 0 and thus the
current due to the 2.5 V term will be 0. For the second
term, the reactance is 100 x 0.100 = 10 Q and the current
lags the voltage by 90° and so the current due to this
harmonic is 0.32 sin (100t — 90°) A. For the third term,
the reactance is 200 x 0.100 = 20 Q and the current lags
the voltage by 90° and so the current due to this
harmonic is 0.08 sin (100t — 90°) A. Thus the current
waveform is:

i=0.32 sin (100t - 90°) + 0.08 sin (100t — 90°) A

Example

Determine the waveform of the current occurring when a
2uF capacitor has connected across it the half-wave
rectified sinusoidal voltage v = 0.32 + 0.5 cos 100t +
0.21 cos 200t V.

There will be no current arising from the d.c. term. For
the first harmonic the reactance is 1/(2 x 10 x 100) Q
and so we have a current of 0.5 x 2 x 10~® x 100 cos
(100t + 90°) A. For the second harmonic the reactance is
1/(2 x 107® x 200) Q and so the currentis 0.21 x 2 x 10°®
x 200 cos (200t + 90°). Thus the resulting current is:

i=2x10"%x0.5x 100 cos (100t + 90°)
+2x10®x0.21 x 200 cos (200f + 90°) A

Example

A voltage of v = 100 cos 314t + 50 sin(5 x 314t — n/6) V
is applied to a series circuit consisting of a 10 Q resistor,
a 0.02 H inductor and a 50 uF capacitor. Determine the
circuit current.

For the first harmonic, the resistance is 10 Q, the
inductive reactance is wL = 314 x 0.02 = 6.28 Q and the
capacitive reactance is 1/wC = 1/(314 x 50 x 109 =
63.8 Q. Thus the total impedance is:

2,=10 +6.28 —§63.8 = 10 - j57.52
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= J107+57.627 £ tan"'=31:52 _58.4/ (-80.1°) Q
Thus the current due to the first harmonic is:

o __100£0°  _
h= 584, (-8070y = 1-71480.1°A

For the fifth harmonic, the resistance is 10 Q, the
inductive reactance is SwL = 5x 314 x 0.02 = 31.4 Q and
the capacitive reactance is 1/50C = 1/(5 x 314 x 50 x
10-%) = 12.76 Q. Thus the total impedance is:
Zs=10+j31.4-j12.76 = 10 + j18.64

= J107+18.647 L tan 1884 212, 6180

Thus the current due to the fifth harmonic is:

50/ (-30°)

is =512/ 6180 = 2.36L(-91.8°) A

Thus the current waveform is:

i=1.71 cos(314¢ + 80.1°) + 2.36 cos(3 x 314t - 91.8°) A

Example
A half-wave rectified sinusoidal voltage:

v=0.32 + 0.5 sin nt — 0.21 cos 2nt — 0.04 cos 4nt V

is applied to a circuit consisting of a 1 Q resistor in series
with a 1 F capacitor. Determine the waveform of the
voltage output across the capacitor.

Figure 7.15 shows the circuit. The output is the fraction of
the input voitage that is across the capacitor. Thus, using
phasors and the component values given:

1/jneC

Vou = [{finaC) + R

- 1 I | :
Vin = 1+ jnwCR Vin = 1+ jnwv"‘

where w = 7 is the fundamental frequency. For the d.c.
component, with w = 0, we have Voo = Vino = 0.32 V. For
the first harmonic we have Vi, 1+ = 0.5 V and thus the

output due to this term is:

-0.57-j0.
1+n2

I P _ 1-jn r _
Vour1 = 1+j7l( j0.5) = A+ind —jn)( j0.5) =
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2 2 —
- /0-521_1_ 7;2?2-5 tan' =02 =015, (-1623%) V

For the second harmonic we have Vi, > = —j0.21 V and
thus the output due to this term is:

vout2 =

1—(0.21)=

—-0.427 - j0.21
1+j2n

1442 =0.033,(-189°)
For the fourth harmonic we have Vi, 4 = —j0.04 V and thus
the output due to this term is:

vout4=

1 —(-j0.04)=

—-0.167 - j0.04
1+ j4n

T+1612 =0.0032/.(-184.59)
Thus the output is:

Vou = 0.32 + 0.15 sin(nt — 162.3°) + 0.033 cos(2xt — 189°)
+0.003 2 cos(4nt — 184.5%) V

Maths in action |

Rectifier filter circuit
Full- A full-wave rectifier produces a far-from-smooth output
wave TV c R T"o and relies on the use of a LC filter in order to give an

rectifier output which reasonably approximates to a smooth d.c.
voltage. Figure 7.16 shows the circuit. The output from
the full-wave rectifier can be described by the Fourier

Figure 7.16  Full-wave series:
recifier with filter oV
v=50 (1 —%cosZwt—Tzs—cosmt—g%cosawt—...)

The first term is a constant and so represents a d.c.
component. The second, and succeeding terms,
represent alternating voltages which can be considered to
be superimposed on the d.c. voltage.

The output voltage from filter circuit is across the
resistive load. Assuming ideal components, we have a
d.c. voltage of 2V, /n across the load resistor. For the
capacitor to provide effective smoothing of the output, its
reactance must be low compared with the load resistance
so as to divert most of the a.c. element away from the
load resistor. For the a.c. elements, the circuit is
effectively just a pure inductance in series with a pure
capacitor. It is a voltage-divider circuit, thus for the nth
harmonic:
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Vo __-iXc
V ~ Xu-Xe
and so:

Vo _ Xc
_V_Xc—XL

For the 2nd harmonic we have Xc = 1/2wC and X_ = 2wL.
Thus:

Vo __ 12wC _ ___ 1
V = [R2wC)-20l -~ 1-4w?lC

Since 4w?’LC will be much greater than 1, the equation
approximates to:

Yo _ 1
V" 4p2LC

For the 2nd harmonic v = —(2V/n)(2/3) cos 2wt and so:
- VYm
Vo=73_ 2[C cos 2wt

This will give a ripple on the output d.c. voltage. The size
of the ripple is the peak-to-peak value of the alternating
component and so is 2 times the maximum amplitude of
the ripple:

size of ripple disturbance = —3%

A measure of the smoothness of the d.c. output is
provided by the ripple factor r. This can be defined as:

_ ripple voltage at load
~ average load voltage

Thus, since we have a d.c. voltage component of 2V/x:

1
r=3w2lC

As an illustration, consider the inductance needed with
such a filter circuit to give a 1% ripple factor for a
frequency of 50 Hz and a smoothing capacitor of 10 uF.
Using these values in the above equation:

__1 _ 1 _
L= 372C = 3x0.01x477502x 10x 106 ~ >-38 H
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Figure 7.20 Problem 5

Problems 7.2

1

2

What harmonics are present in the waveform given by v
=1.0-0.67 cos 2wt — 0.13 cos 4wit?

Determine the Fourier series for the waveform shown in
Figure 7.17.

Determine the Fourier series for the waveform in Figure
7.18.

Determine the Fourier series for the full-wave rectified
sinusoid (Figure 7.19).

Determine the nature of the terms within the Fourier
series for the waveforms shown in Figure 7.20. T is the
periodic time for a cycle.

Given that the Fourier series for the waveform in Figure
7.21(a) is:

y=3A sinot+4sin3wt+ 3 sin50t+... ]

Determine, by considering the shift of origin, the Fourier
series for the waveform shown in Figure 7.21(b).

What terms will be present in the Fourier series for the
waveforms shown in Figure 7.22?

From considerations of the mean values of the
waveforms in Figure 7.23, what will be the values of a,?
Determine whether the following are even or odd
functions:

(a) sin x, (b) x, (c) x sin x, (d) x cos 2x, (e) x® cos 2x

@

(b)

Figure 7.21 Problem 6
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Problem 8

10

11
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Determine what terms the following waveforms will
contain in their Fourier series:

(a) f(f) = 3t for —n < t < m, period 27,
(b) ff) = cos t for ~n < t < 7, period 27,
(c) fif) = £ cos t for —n < t < m, period 2n

Determine the Fourier series for the waveform described
by ff) = t for —r < t < 0 with a period of 27.

Determine the amplitude and phase (referred to a sine)
elements for the frequency spectrum of the waveforms
giving the following Fourier series:

@) ¥ =5 - E sinot- o sin 20t - - sin3ot - ..,

(b) a0 = n/2, a, = 0 for n even and —-2/n?*z for n odd, b, =
—(=1)"In

Determine the waveform of the current occurring when a
resistor of resistance 1 kQ has connected across it the
half-wave rectified sinusoidal voltage v = 0.32 + 0.5 cos
100t + 0.21 cos 200t V.

Determine the waveform of the current when a pure
inductor of inductance 10 mH has connected across it
the half-wave rectified sinusoidal voltage v = 0.32 + 0.5
cos 100f + 0.21 cos 200t V.

A voltage of 2.5 + 3.2 sin 100¢ + 1.6 sin 200t V is applied
across a 10 pF capacitor. Determine the current.



circuits.

In digital circuits extensive use is made of switching circuits. A switch is either on or off with these
states being denoted by the digits 1 or 0. A logic circuit can be considered as a collection of
switching circuits. In this chapter the basic mathematics necessary to analyse and synthesise such
circuits is introduced. The mathematics involved is named after George Boole (1815-64) who first
developed the modern ideas of the mathematics concerned with the manipulation of logic
statements. In this chapter, Boolean algebra is approached by means of the analysis of switching

Objectives
By the end of this chapter, the reader should be able to:

* represent switching systems by logic gates;

* represent the action of such gates by truth tables;

» describe switching logic by Boolean statements;

¢ manipulate Boolean statements by the use of the rules of Boolean algebra.

Logic gates

8.1 Logic gates

——

Switch open: 0

—O—
Switch closed: 1

Figure 8.1

of a switch

The two states

Digital electronic logic gates are relatively cheap and readily
available as integrated circuits. Such gates find a wide range of
applications. For example, they might be used to determine when
an input signal control system is to be allowed to give an output, as
in an alarm system. Such logic gates are essentially just switching
devices and this section considers the basics of such devices.

8.1.1 Switching circuits

Consider a simple on-off switch (Figure 8.1). If we denote a closed
contact by a 1 and an open contact by a 0 then the switch has just
two possible states: 1 or 0.

Suppose we have two switches a and b in series. Each switch
has two possible states, 0 and 1. Figure 8.2 shows the various
possibilities for switches. In (a) both switches are open, in (b) a is
open and b is closed, in (c) a is closed and 5 is open and in (d) a
and b are both closed. With (a) the effect of both switches being
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open is the same as would be obtained by a single open switch; (b)

oo oo and (c) likewise are equivalent to a single open switch but (d) is
a b equivalent to a single closed switch. Thus we can say that the two
(@ elements are equivalent to O for (a), (b) and (c) but 1 for (d). In
/ tabular form we can represent the state of the circuit by Table 8.1:
a b
®) Table 8.1 Truth table for a AND b
—oo0—0"0— a b Output
a b
(© 0 0 0
0 1 0
—— —— O—— 1 0 0
a b
@ 1 1 1
Figure 8.2 Switches in series Such a table is known as a fruth table. If a AND b are 1 then the

result is 1. Such an arrangement is known as an AND gate since
both a and b have to be 1 for the output to be 1.

Consider two switches in parallel. Figure 8.3 shows the various
possibilities for switches. In (a) both switches are open, in (b) a is
open and b is closed, in (¢) a is closed and 4 is open and in (d) a

A truth table lists the outputs f h . . .
combin;io: ,_.:,s izpufs? piis Tor ea and b are both closed. With (a) the effect of both switches being

open is the same as would be obtained by a single open switch; (b),
(c) and (d) are equivalent to a single closed switch. Thus we can
say that the two elements are equivalent to O for (a), and 1 for (b),

(c) and (d). In tabular form we can represent the state of the circuit
a }
a

by the truth table (Table 8.2):

b Table 8.2 Truth table fora OR b
C) b
(b) a b Output
a 0 0 0
* 0 1 |
b 1 0 1
© - ] 1 1
(@ b
Such an arrangement is known as an OR gate since if aor b is 1
Figure 8.3  Parallel switches then the result is 1.
Another possible form of switch circuit is where two switches
are connected together so that the closing of one switch results in
X the opening of the other. Figure 8.4(a) illustrates the switch action
—/o——- with (b) showing the upper switch open when the lower switch is
closed and (c) the upper switch closed when the lower switch is
@ ~p /z open. The lower switch is said to give the complement of the upper
° switch. Table 8.3 is the truth table:
N
st Table 8.3 Truth table for NOT
—° Upper switch  Lower switch

(©
0 1
Figure 8.4 Complement 1 0
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Inputs
B

Output

Output

Figure 8.5 AND

Inputs

Inputs

B

Figure 8.6

OR

Output

Output

Such an arrangement constitutes a NOT switching circuit, since if
one switch is 1 then the other switch is not 1.

Logic gates

With a mechanical switch we can represent the two logical states
of 0 or 1 as the switch being open and closed. With electronic
switches, O is taken to be a low voltage level and 1 a high voltage
level for what is called positive logic, although the opposite
convention (negative logic) can be used with 0 being represented
by a high voltage level and 1 by a low voltage level. The 0 and the
1 do not represent actual numbers but the state of the voltage or
current. The term Jlogic level is often used with the voltage being
said to be at logic level 0 or logic level 1.

The basic building blocks of digital electronic circuits are called
logic gates. A logic gate is an electronic block which has one or
more inputs and an output. The output can be either high or low
depending on the digital levels at the input terminals. The
following sections take a look at the logic gates: AND, OR,
INVERT/NOT, NAND, NOR and XOR. Different sets of standard
circuit symbols have been developed in Britain, Europe and the
United States; an international standard (IEEE/ANSI) has,
however, been developed based on squares. In this text, both the
IEEE/ANSI form and the older United States form are shown.

* AND gate
The AND gate gives an output 1 when both input 4 and input
B are 1. Figure 8.5 shows the symbol, the associated truth
table being given in Table 8 4.

Table 8.4 AND gate

A B Output
0 0 0
0 1 0
1 0 0
1 1 1
+ ORgate

The OR gate gives an output 1 when either input 4 or input B
is 1. Figure 8.6 shows the symbol and Table 8.5 the truth
table.

Table 8.5 OR gate

A B Output
0 0 0

0 1 1

1 0 1

1 1 1
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INVERT/NOT gate

The INVERT or NOT gate has a single input and gives a 1
output when the input is 0. The gate inverts the input, giving a
1 when the input is 0 and a 0 when the input is 1. Figure 8.7
shows the gate symbol and Table 8.6 gives the truth table.

Table 8.6 NOT gats

A Output

0 1

1 0
NAND gate

This gate (Figure 8.8) is logically equivalent to a NOT gate in
series with an AND gate, NAND standing for NotAND. The
symbol for the gate is the AND symbol followed by a small
circle, the small circle being used to indicate negation. The
gate has the truth table shown in Table 8.7. There is a 1
output when 4 and B are both not 1, i.e. are both 0.

Table 8.7 NAND gate

A B Output

0 0 1

0 1 1

1 0 1

1 1 0
NOR gate

This gate (Figure 8.9) is logically equivalent to a NOT gate in
series with an OR gate. It is represented by the OR gate
symbol followed by a small circle to indicate negation. Table
8.8 gives the truth table, there being a 1 output when neither A
nor Bis 1.

Table 8.8 NOR gate

A B Output
0 0 1

0 1 0

1 0 0

1 1 0
EXCLUSIVE OR (XOR) gate

The OR gate gives an output 1 when either input 4 or input B
is 1 or both 4 and B are 1. The EXCLUSIVE OR gate gives
an output 1 when either input 4 or input B is 1 but not when
both are. Figure 8.10 shows the gate symbol and Table 8.9 the
truth table.
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Table 8.9 XOR gate

A B Output
0 0 0
0 1 1
1 0 1
1 1 0
S, ]
— oo
%2 4% )‘
Sl
S4 4
o]
t [— Output
— & &
S2 o m
% o & | 4 >
Ss — —
2 oo ]
Output
_[ &

Figure 8.11 Example
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Figure 8.12 Ladder programming
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Figure 8.10 XOR

By combining gates it is possible to generate other switching
operations. This is illustrated in the following example and
discussed later in this chapter.

Example

Suppose we wanted to design a switching circuit in order
to operate a relay from a combination of four switches so
that the relay is energised when switch 1 and switch 2 are
both closed, or when switch 3 and switch 4 are both
closed, or when switch 1 and switch 3 are both closed.
Design a system of logic gates which wouid give this.

The output required is when we have (S1 and S2) or (S3
and S4) or (S1 and S3). Figure 8.11 shows how this may
be realised with gates.

Maths in action

Ladder programming with PLCs

Programmable logic controllers (PLCs) use a simple form
of programming in order to exercise control functions.
This program involves drawing each step in a program as
the rung on a ladder, each rung then being taken in turn
from top to bottom. Each rung can execute logic
switching functions such as AND and OR. Figure 8.12(a)
shows the symbols used to represent normally open
switches, normally closed switches and output devices.
Figure 8.12(b) shows three rungs in a ladder program.
With rung 1 we have an AND gate situation in that both A
and B have to be on for there to be an output. With rung
2 either A or B have to be on for there to be an output
and so we have an OR gate. Rung 3 shows a NOT gate
in that when A has an input it switches the output off.




8.2 Boolean algebra

Table 8.10 OR

a a a+ta
0 0 0

1 1 1

Table 8.11 AND

a a a-

0 0 0

1 1 1

Table 8.12 OR

a b a+b
0 0 0

0 1 1

1 0 1

1 1 1
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In this section we look at how we can develop algebraic notation
and rules to describe and manipulate logic gate arrangements.
Notation

For the AND operation, i.e. the series connections of switches a
and b, a is considered to be multiplied by b. Generally - is used for
the multiplication symbol. From truth table 8.4 we thus have the
rules:

0-0=0, 0:-1=0, 1-0=0, 1-1=1 [1]
For the OR operation, i.e. the parallel connection of switches a

and b, a is considered to be added to b. From truth table 8.5 we

have the rules:

0+0=0, O0+1=1 1+0=1 1+1=1 [2]
For the NOT operation, i.e. the complement with the switches,

we use a bar over a symbol to indicate NOT. Thus truth table 8.6
gives the rules:

0=1, 1=0 (3]

Boolean algebra

The binary digits 1 and 0 are the Boolean variables and, together
with the operations -, + and the complement, form what is known
as Boolean algebra. By constructing the appropriate truth tables
the following laws can be derived:

» Anything ORed with itself is equal to itself
See Table 8.10.

ata=a (4]

* Anything ANDed with itself is equal to itself
See Table 8.11.

a-a=a [5]
» Input sequence for OR and AND

It does not matter in which order we take the inputs for OR

and AND gates, the output is the same. This is illustrated by

Table 8.12 for OR.

a+b=b+a (6]

a-b=b-a [7]

* Handling bracketed terms



276 Logic gates

As Table 8.13(a) indicates:
atb-c)=(@+b)-(a+c)
As Table 8.13(b) indicates.
a-(b+c)=a-b+a-c

Table 8.13(a)

(8]

(9

Q
o

atb.c a+b a+c (a+b)-(a+o)

— s OO OO
—pt OO e OO o
— D et D O e O
_O OO0 MmO OO o
bt et et e e OO O

— ettt et et D O
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Table 8.13(b)
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Table 8.14

a a a+a
0 1

1 1
Table 8.15

a a a-a
0 0

1 0
Table 8.16

a a+0 a+1
0 0 1

1 1 1

» Complementary law
Anything ORed with its own negative is 1. See Table 8.14.

a+a=1 (10}

Anything ANDed with its own negative is 0. See Table 8.15.

a-a=o0 (11]

* ORing with 0 or 1

Anything ORed with a 0 is equal to itself, anything ORed

with a 1 is equal to 1. See Table 8.16.

a+0=a, a+1=1 [12]

* ANDing with 0 or 1



Table 8.17

a a-0 a-1
0 0 0

1 0 1

Key points

De Morgan laws:

a+b=a-b

a-b=a+b
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Anything ANDed with a 0 is equal to 0, any thing ANDed
with a 1 is equal to itself. See Table 8.17.

a-1=a, a-0=0 [13]

De Morgan laws:

The complement of the outcome of switches a and b in
parallel, i.e. an OR situation, is the same as when the
complements of a and b are separately combined in series, i.e.
the AND situation. Table 8.18 shows the validity of this.

atb=a-b [14]
The complement of the outcome of switches a and b in series,
i.e. the AND situation, is the same as when the complements
of a and b are separately considered in parallel, i.e. the OR
situation. Table 8.19 shows the validity of this.

a-b=a+b [15]

Table 8.18

a b a+tb a+b ‘a b a-b

0 0 0 1 1 1 1

0 1 1 0 1 0 0

1 0 1 0 0 1 0

1 1 1 0 0 0 0
Table 8.19

a b a-b a-b a b T+b

0 0 0 1 1 1 1

0 1 0 1 1 0 1

1 0 0 1 0 1 1

1 1 1 0 0 0 0

be

Using the rules given above, complicated switching circuits can
reduced to simpler equivalent circuits.

Example
Simplify the following Boolean function:

f= a-c+(a+b)-c.

Using equation [9]): givesa-(b+c)=a- b+ a- c. Since:
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(@a+b)- c=a-c+b-c

we can write:

f=a.c+a-c+b-C

Using equation [9] for the first two terms gives:
f=a-(c+C)+b-C

Then using equations {7] and [10] gives:

f=a-1+b.-c=a+b-C

Example
Simplify the function: f=a+a-b-c+a-c.

Using equation [13] we can replace a by a - 1. The
function can then be written as:

f=a-1+a-(b-c)+a-c¢
Then using equation [9]:
f=a-(1+(-c) +a-¢c

Using the second of the equations in [12] gives 1 + (b - ¢)
=1 and so:

f=a-1+a-c¢

Since a - 1 = a (equation [10]), and applying equation [8]:
f=a+a-c=(a+a)-(@a+c)

But: a+a =1

and so, using equation [13]:

f=a+ ¢

Example

The operation of an output relay controlled by a PLC
program is given by the Boolean expression:
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Y007 = (X001 - X002 - M00O - M002)

+ (M002- X001 - X004 - M0OO)
+ (X003 - M0O3 - M002 - X002)
+ (M003 - X003 - M002 - X006)

(a) Represent this expression as rungs in a PLC ladder
program, with a rung for each part of the expression.

(b) Simplify the ladder program and hence write another
Boolean expression which describes the simplified

program.

(a) Each bracketed term can be represented by a rung in
a ladder program and so give the program shown in
Figure 8.13(a).

(b) Figure 8.13(b) shows how we can simplify the ladder
program and still give the same outcome. Such a
program can then be described by the Boolean
expression:

Y007 = ((X002 + X004) - X001 - MO00)
+ ((X002 + X006) - X003 - M003)) - M002

X001 X002 MO0O Moo2  YOO7 X002 X001 MOOO MOO2 Y007
Note: X is an
MO002 X001 X004 MOOO X004 input device,
] Y is an output
device and
an internal
1 —‘ H relay (really
just a piece
M003 x003 MO002 X006 X006 of software)
@ () ~’

Figure 8.13 Example

Problems 8.2

1 Complete the following:

(@1+0=2,(0)1-1=2,(0)1 =2
2 Simplify the following Boolean functions:

(a)a(a +a-b), (b)a+b+c+a-b, (c)(@a+b)-(a+bh),

@a-b-cta-b-C.€a+a-b
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8.3 Logic gate

systems
a b
o—-/
c d

Figure 8.14 Example

The operations -, + and the complement can be used to write the
Boolean functions for complex switching circuits, the states of
such circuits being determined by developing the truth table to
indicate all the various switching possibilities. Boolean algebra
might then be used to simplify the switching circuits.

Example

Write, for the circuit shown in Figure 8.14, (a) the truth
table and (b) the Boolean function to describe that truth
table.

(a) a and b are in series, and in parallel with the series
arrangement of ¢ and d. The result of using the switches
is that only when either a and b are closed or ¢ and d are
closed will there be an output. Table 8.20 shows the truth
table.

(b) The Boolean function for the two switches a and b in
series is a - b, the AND function, and thus, since the
function for two items in parallel is OR, the function for
the circuit as a whole is:

a-b+c-d

Table 8.20 Example

a b c d Result
0 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 1 1 1
0 1 0 0 0
0 1 0 1 0
0 1 1 0 0
0 1 1 1 0
1 0 0 0 0
1 0 0 1 0
1 0 1 0 0
1 0 1 1 1
1 1 0 0 1
1 1 0 1 1
1 1 1 0 1
1 1 1 1 1




Figure 8.15 Example
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Figure 8.16 Example
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Figure 8.17 Example
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Example

Derive the Boolean function for the switching circuit
shown in Figure 8.15.

In the upper parallel arm of the circuit, the switches a and
b are in series and so have a Boolean expression of a - b.
In the lower arm the complements of a and b are in
series. Thus the Boolean expression for that part of the

circuitisa - b.

Because the two arms are in paraliei the expression for
the parallel part of the circuitisa-b+a- b.

In series with this is switch ¢. Thus the Boolean function
for the circuit is: c-(@-b+&- b).

Combining gates

By combining logic gates it is possible to represent other Boolean
functions and use of Boolean algebra can often be used to simplify
the arrangement.

Example

Determine the Boolean function describing the relation
between the output from the logic circuit shown in Figure
8.16. Hence, consider how the circuit could be simplified.

This might be a circuit used with a car warning buzzer so
that it sounds when the key is in the ignition (A) and a car
door is opened (B) or the headiights are on (C) and a car
door is opened (A). We have two AND gates and an OR
gate. The output from the top AND gate is A - B, and
from the lower AND gate C - A. These outputs are the
inputs to the OR gate and thus the output is

output=A-B+C:.A

The circuit can be simplified by considering the Boolean
algebra. Using equation [9] the Boolean function can be
written as:

A-B+C-A=A.-(B+ 0O

We now have A and B or C. This function now describes

a logic circuit with just two gates, an OR gate and an
AND gate. Figure 8.17 shows the circuit.
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Figure 8.18 Example
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Output
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Figure 8.19 (a) Sum of products,

(b) product of sums

Example
Devise a logic gate system to generate the Boolean
function A- B + C.

A - B requires an AND gate, but as the B input has to be
inverted we precede the input from B to the AND gate by
a NOT gate. We then require an OR gate for the output
from the AND gate and C. Figure 8.18 shows the gate
System.

Boolean function generation from truth tables

Often the requirements for a system are specified in terms of a
truth table and the problem then becomes one of determining how
a logic gate system can be devised, using the minimum number of
gates, to give that truth table. The forms to which most are
minimised are an AND gate driving a single OR gate or vice
versa.

Sum of products
Two AND gates driving a single OR gate (Figure 8.19(a))
give, what is termed, the sum of products form:

A-B+4-C

Product of sums
Two OR gates driving a single AND gate (Figure 8.19(b))
give, what is termed the product of sums form:

AU+B)-A+0)

The usual procedure to find the minimum logic gate system is

thus to find the sum of products or the product of sums form that
fits the data. Generally the sum of products form is used. The
procedure used is:

1

Consider each row of the truth table in turn that generates a 1
output and find the product that would fit a row. Only a row of
a truth table that has an output of 1 need be considered, since
the rows with O output do not contribute to the final
expression. For example, suppose we have a row in a truth
table of: 4 =1, B =0 and output = 1. When 4 is 1 and B is not
1 then the output is 1, thus the product which fits this is:

Q=A-B

The overall result is the sum of all the products for the rows
giving 1 output.
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Example
Output Determine a logic gate system to give the following truth
o
el
A B Output  Products
A 0 0 0
0 1 0
L— & Output —
L 1 0 1 A-B
B 1 O——I_ 1 1 0

We only need consider the third row, thus the result is:

Figure 8.20 A.B .
Q=A-B

The logic gate system that will give this truth table is thus
that shown in Figure 8.20.

Example

Determine a logic gate system which will give the
following truth table.

>
o]
O

Output  Products

A-B-C

>
ol

.B.

maaaa00 0O
22002 0O
L~ O0O2020 =0
cCoo0O0O-a O~

There are two rows for which we need to find a product.
Thus the sum of products which fits this table is:

Q=A-B-C+A-B-C
This can be simplified to give:

Q=A-C-(B+B)=A-C

The truth table can thus be generated by just a NAND
gate.
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Motorised pump Radiators O ~~
Room temperature
- = — sensor

Hot water

Boiler tank

Motorised pump

0 ;

ya

I
4 Hot water tank temperature sensor
Boiler temperature sensor

Figure 8.21 Central heating system

Stop and run LNE
switches Il Maths in action
STOP Power

RUN —

| Sm— |
+24V Fuse A PLC and a central heating system
Inputs Outputs | Boiler Consider a domestic central heating system (Figure 8.21)

X400 Y430
X401 Y431

and its control by a PLC (see earlier Maths in Action in
this chapter). The central heating boiler is to be
thermostatically controlled and supply hot water to the
radiator system in the house and also to the hot water
tank to provide hot water from the taps in the house.
Pump motors have to be switched on to direct the hot
water from the boiler to either, or both, of the radiator and
Connections to the PLC hot water systems according to whether the temperature
sensors for the room temperature and the hot water tank

X402 X400 X401 Y430 indicate that the radiators or tank need heating. The
— Boiler entire system is to be controlled by a clock so that it only
X403 operates for certain hours of the day. Figure 8.22 shows
how a PLC might be used and its ladder program.

X402 Y432

X403

Y430 X402 Y431 The boiler, output Y430, is switched on if X400 and X401
- Radiator | and either X402 or X403 are switched on. This means if
system the clock switched is on, the boiler temperature sensor
gives an on input, and either the room temperature
| Hotwater | sensor or the water temperature sensors give on inputs.
system The motorised valve M1, output Y431, is switched on if
the boiler, Y430, is on and if the room temperature
END sensor X402 gives an on input. The motorised valve M2,
output Y432, is switched on if the boiler, Y430, is on and
The PLC program if the water temperature sensor gives an on input.

Figure 8.22 Central heating system
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Figure 8.25 Karnaugh map with a
four-cell box

Logic gates 285

Example

Design a PLC ladder program that will control a simple
red—amber—green traffic light sequence for two inputs X0
and X1 to give the outputs YO, Y1 and Y2 (Figure 8.23)
shown in the following table:

Inputs Outputs
X0 X1 YO Y1 Y2
0 0 1 0 0
0 1 1 1 0}
1 0 0 0 1
1 1 0 1 0

Note: logic 0 defines an open switch or a light turned
OFF, logic 1 defines a closed switch and a light turmed
ON.

Figure 8.24(a) shows how we can represent the above
truth table by a logic gate system and Figure 8.24(b) by
rungs in a ladder program.

When there is no input to X0 then the red light is ON.
Thus, when the input to X0 is O then, as the switch is
normally closed, the output Y1 is ON; when the input is 1,
to open the switch, then the output is OFF.

Karnaugh maps

The Karnaugh map is a graphical way of representing a truth table
and a method by which simplified Boolean expressions can be
obtained from sums of products. The Karnaugh map is drawn as a
rectangular array of cells with each cell corresponding to the
output for a particular combination of inputs, i.e. a particular
product value. Thus, Figure 8.25(a) shows the four-cell box
corresponding to two input variables A and B, this giving four
product terms. We then insert the function for each input
combination, Figure 8.25(b) showing this for an AND gate and
Figure 8.25(c) for an OR gate. Figure 8.26 shows how we can
represent such maps with input labels A and B for 1 entries and
not A and B for O entries.

Karnaugh maps not only pictorially represent truth tables but
also can be used for minimisation. Suppose we have the following
truth table:

A B Output Products
0 0 0 A4-B

0 1 0 A4-B

1 0 1 A-B

1 1 0 A-B
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0 B
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Figure 8.26 Karnaugh map with a
four-cell box

A A

wl

Figure 8.27 Karnaugh map

A A

ol

Figure 8.28 Karnaugh map

Simplification using Karmaugh maps

1 Construct the Karnaugh map and
place 1s in those squares which
correspond to the 1s in the truth
table.

2 Examine the map for adjacent 1s
and loop them.

3 Form the OR sum of all those terms
generated by each loop.

Figure 8.27 shows the Karnaugh map for this truth table with just
the 1 output shown. On the map this entry is just the cell with the
coordinates 4 = 1, B = 0 and so gives the indicated product. The
Karnaugh map enables the minimisation to be spotted visually.

As a further example, consider the following truth table:

A B Output Products
0 0 0 A4-B

0 1 0 A-B

1 0 1 A-B

1 1 1 A-B

Figure 8.28 shows the Karnaugh map for this truth table with just
the 1 output shown. This has an output given by:

A-B+A-B

This can be simplified to:

A-B+A-B=A4-(B+B)=4

Thus we have a rule for the map that: when two cells containing a
1 have a common edge then we can simplify them to just the
common variable, the variable that appears in the complemented
and uncomplemented form is eliminated. To help with such
simplifications, we draw loops round 1s in adjacent cells. Note that
in looping, adjacent cells can be considered to be those in the left-
and right-hand columns. Think of the map as though it is wrapped
round a vertical cylinder and the left- and right-hand edges of the
map are joined together. There are other rules we can develop,
namely: looping a quad of adjacent Is eliminates the two
variables that appear in complemented and uncomplemented form
and looping an octet of adjacent ls eliminates the three variables
that appear in both complemented and uncomplemented form.

Figure 8.29(a) shows how we can draw a Karmaugh map for
three inputs and Figure 8.29(b) for four inputs. Note that the cells
are labelled so horizontally adjacent cells differ by just one
variable, likewise adjacent vertical cells.

A8 AB AB AB AB AB AB AB AB AB

c\_ 00 o1 11 10 co\ 00 01 11 10
co co 00
c 1 CcD o1
@ co 1
cD 10
(b)

Figure 8.29 Karnaugh maps: (a) three-input, (b) four-input
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Figure 8.31  Karnaugh map
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Example

Determine the simplified Boolean expression for the
Kamaugh map shown in Figure 8.30.

We have three loops and so the outcome is:

A-B+B-C+A.C

Example

Determine the simplified Boolean expression for the
Karnaugh map shown in Figure 8.31.

We have a doublet loop and a quad loop and so the
outcome is:

A-B+C

Problems 8.3

1 State a Boolean function that can be used to represent
each of the switching circuits shown in Figure 8.32.

2 Give the truth tables for the switching circuits
represented by the Boolean functions:

(@) @+ Db)+@+7T). (b)) a-@b+b)-b

3 Determine the Boolean functions that could generate the
outputs in Figure 8.33.

(a)

(c)

Figure 8.32 Problem 1

d
¢ 3——/0— \—o’b— —-:c’b-—
E] b
(b)

(d)
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A A &
B B ‘ _|._ 21 | output
Output
C & __J—_
Y |
E
A
Output A >1
- Output
8 | >1 [
c
(b)
A Output A 21 >1 Output
B B & e — & —
c c
()
Figure 8.33 Problem 3
Table 8.21(a)
a b ¢ Function 4 Give the truth table for the switching circuit
corresponding to the Boolean function:
0 0 0 0
0 0 1 1 TN
a-b)+(a-b
0 1 0 0 ( )+( )
0 1 1 0 5 Draw switching circuits to represent the following
1 0 0 0 Boolean functions:
1 0 1 0
1 1 0 1 —_
1 1 1 0 (@a-(a+b),(bpa-(a@a-b+c),(c)a-(a+b-(a+o)
6 Determine the Boolean equations describing the logic
Table 8.21(b) circuits in Figure 8.34, then simplify the equations and
hence obtain simplified logic circuits.
a b c Function 7 Draw switching circuits to represent the Boolean
functions :
0 0 0 0 —
0 0 1 0 (@a-b,(bya-b+b,(c)c-(a-b+a- b),
0 1 0 0 (da-@-b-c +a-(b +0)).
0 1 1 1
1 0 0 0 8 Derive the Boolean functions for the truth tables in Table
1 0 1 0 8.21(a) and (b).
1 1 0 0
1 1 1 1
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; \ Output >1
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Figure 8.34 Problem 6

(b)

9 Determine the Boolean equations describing the logic
circuits in Figure 8.35, then simplify the equations and
hence obtain simplified logic circuits.

10 For the Kamaugh maps in Figure 8.36, produce the
simplified Boolean expression.

s o S N I

il n

&
Output
@) Output
A ‘ &
—) NE
B B
c & 1T
—]—4 >1 Output
*— &1

(b)
Figure 8.35 Problem 8
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A AB _ _ _ _
B 0 1 O\ A8 AB AB AB
0] 1 c 1] 1
1 1 c
(a) (b)
AB __ _ _ AB _ _ _ _
N\ AB AB AB AB O\ A8 AB AB AB
cl 1 1 c
c cl 1| 1|1]1
d (e)
AB _ _ _ _
cD AB AB AB AB
co| 1 1 1
co | 1 1 1
cD 1
co 1

(9)

Figure 8.36 Problem 10




Probability and
statistics

Objectives

In any discussion of system reliability or quality control, the concept of probability plays a vital
part. It is also a vital issue in the consideration of statistics when errors have to be considered in
experimental measurements, all measurements being subject to some degree of uncertainty. For
example, in the control of manufactured items (statistical process control SPC) control is
exercised of measured variables against go/no-go criteria, the attribute, to avoid incurring scrap or
reworking costs. This chapter is an introductory consideration of the principles of probability and
statistics allied to such engineering issues. '

By the end of this chapter, the reader should be able to:

» understand the concept of probability;

* use probability principles in the consideration of quality control and system reliability;
* plot experimentally obtained data to show its distribution;

» use the idea of probability distributions and be able to interpret them;

* determine measures of the location and spread of distributions;

s use measures obtained from the Binomial, Poisson and Normal distributions;

» determine the errors in results obtained from experimental measurements.

9.1 Probability

What is the chance an engineering system will fail? What is the
chance that a product emerging from a production line is
manufactured to the required engineering tolerances, thus avoiding
reworking or scrap? What is the chance that if you make a
measurement in some experiment that it will be the true value of
that quantity? Within what range of experimental error might you
expect a measurement to be the true value? These, and many other
questions in engineering and science, involve a consideration of
chances of events occurring. The term probability is more often
used in mathematics than chance and has the same meaning in the
above questions. This section is about probability, its definition
and determination in a number of situations.
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Probability can be defined as the relative

frequency in the long run with which an
event occurs or as the fraction of the
total number of ways with which an
event can occur.

9.1.1 Basic definitions

If you flip a coin into the air, what is the chance that it will land
heads uppermost? We can try such an experiment and determine
the outcomes. The result of a large number of trials leads to the
result that about half the time it lands heads uppermost and half
the time tails uppermost. If n is the number of trials then we can
define probability P as:

P=lim number of timei an event occurs [
This view of probability is the relative frequency in the long run
with which an event occurs. In the case of the coin this leads to a
probability of 2 = 0.5. If an event occurs all the time then the
probability is 1. If it never occurs the probability is 0.

The result of flipping the coin might seem obvious since there
are just two ways a coin can land and just one of the ways leads to
heads uppermost. If there is no reason to expect one way is more
likely than the other then we can define probability P as the degree
of uncertainty about the way an event can occur and as:

p= number of ways a particular event can occur
~  total number of ways events can occur

2]

In the case of the coin, this also gives a probability of 0.5. If every
possible way events can occur is the required way, then the
probability is 1. If none of the possible ways are the event required,
then the probability is 0.

Consider a die-tossing experiment. A die can land in six equally
likely ways, with uppermost 1, 2, 3, 4, 5, or 6. Of the six possible
ways the die could land, only one way is with 6 uppermost. Thus
using definition [2], the probability of obtaining a 6 is 1/6. The
probability of not obtaining a 6 is 5/6 since there are 5 ways out of
the 6 possible ways we can obtain an outcome which is not a 6.

Another way the term probability is used is as degree of belief.
Thus we might consider the probability of a particular horse
winning a race as being 1 in S or 0.2. The probability in this case
is highly subjective.

Example

In the testing of products on a production line, for every
100 tested 5 were found to contain faults. What is the
probability that in selecting one item from 100 on the
production line that it will be faulty?

There are 100 ways the item can be selected and 5 of the
ways give faulty items. Thus, using equation [2], the
probability is 5/100 = 0.05.




An event which has a certainty has a
probability of 1. Thus such an event will
always occur every time. An event which

has a probability of O will never occur.

Key points

Mutually exclusive events are ones for
which each outcome is such that one
outcome excludes the occurrence of the
other.

Addition rule: if an event can happen in a
number of different and mutually
exclusive ways, the probability of its
happening is the sum of the separate
probabilities that each event happens.
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Maths in action

The term reliability in relation to engineering systems is
defined as the probability that the system will operate to
an agreed level of performance for a specified period,
subject to specified environmental conditions. Thus, for
example, the reliability of an instrument might be
specified as being 0.8 over a 1000 hour period with the
ambient temperature at 20°C 1 10°C and no vibration.

Probability of events

If an event can occur in two possible ways, e.g. a piece of
equipment can be either operating satisfactorily or have failed,
then if the probability of one way is P, and the probability of the
other way is P,, we must have:

Pi+P=1 [3]

The probability of either event 1 or event 2 occurring equals 1, i.e.
a certainty, and is the sum of the probability of event 1 occurring,
i.e. P;, added to the probability of event 2, i.e. P,, occurring.

A probability of 1 for an event means that the probability of it
occurring is a certainty.

Suppose with the die-tossing experiment we were looking for
the probability that the outcome would be an even number. Of the
six possible outcomes of the experiment, three ways give the
required outcome. Thus, using definition [2], the probability of
obtaining an even number is 3/6 = 0.5. This is the sum of the
probabilities of 2 occurring, 4 occurring and 6 occurring, i.e. 1/6 +
1/6 + 1/6. The 2, the 4 and the 6 are mutually exclusive events in
that if the 2 occurs then 4 or 6 cannot also be occurring. Thus:

If A and B are mutually exclusive, the probability of A or B
occurring is the sum of the probabilities of A occurring and of
B occurring.

Example

The probability that a circuit will malfunction is 0.01.
What is the probability that it will function?

The probability that it will funcﬁon and the probability that
it will not function must together be 1. Hence the
probability that it will function is 0.99.
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Key point

Multiplication rule: If one experiment has
n, possible outcomes and a second
experiment n, possible outcomes then
the compound experiment of the first
experiment followed by the second has
ny X n; possible outcomes.

Outcomes
after first

experiment H
H /
\ ;

H

<

Outcomes
after second
experiment

Figure 9.1 Tree diagram

Example

A company manufactures two products A and B. Market
research over a month showed 30% of enquiries by
potential customers resulting in product A alone being
bought, 50% buying product B alone, 10% buying both A
and B and 10% buying neither. Determine the probability
that an enquiry will result in (a) product A alone being
bought, (b) product A being bought, (c) both product A
and product B being bought, (d) product B not being
bought.

(a) 30% buy product A alone so the probability is 0.30.

(b) 30% buy product A alone and 10% buy A in
conjunction with B. Thus the probability of A being bought
is 0.30 + 0.10 = 0.40.

(c) 10% buy products A and B so the probability is 0.10.
(d) 50% buy product B alone and 10% buy B in
conjunction with A. Thus the probability of buying B is
0.50 + 0.10 = 0.60. The probability of not buying B is thus
1-0.60 = 0.40.

9.1.2 Ways events can occur

Suppose we flip two coins. What is the probability that we will end
up with both showing heads uppermost? The ways in which the
coins can land are:

HH HT TH TT

There are four possible results with just one of the ways giving
HH. Thus the probability of obtaining HH is 4 = 0.25.

There were two possible outcomes from the experiment of
tossing the first coin and two possible outcomes from the
experiment of tossing the second coin. For each of the outcomes
from the first experiment there were two outcomes from the second
experiment. Thus for the two experiments the number of possible
outcomes is 2 X 2 = 4. This is an example of, what is termed, the
multiplication rule.

Tree diagrams can be used to visualise the outcomes in such
situations, Figure 9.1 showing this for the two experiments of
tossing coins.

Example

A company is deciding to build two new factories, one of
them to be in the north and one in the south. There are
four potential sites in the north and two potential sites in
the south. Determine the number of possible outcomes.
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For the first experiment there are 4 possible outcomes A,
B, C and D and for the second 2 possible outcomes E
and F. Thus the total number of possible outcomes is
given by the multiplication rule as 8. Figure 9.2 shows the
tree diagram.

Permutations

Suppose we had to sclect two items from a possible three different
items A, B, C. The first item can be selected in three ways. Then,
since the removal of the first item leaves just two remaining, the
second item can be selected in two ways. Thus the selections we
can have are:

AB AC BA BC CA CB

Each of the ordered arrangements is known as a permutation, each
representing the way distinct objects can be arranged.

If there are n ways of selecting the first object, there will be
(n — 1) ways of selecting the second object, (n — 2) ways of
selecting the third object and (n — r + 1) ways of selecting the rth
object. Thus, by the multiplication rule, the total number of
different permutations of selecting » objects from »n distinct objects
is thus:

nn-Dn-2)..(n-r+1)
The number n(n — 1)(n - 2) ... (3)(2)(1) is represented by n!. The

number of permutations of k objects chosen from n distinct objects
is represented by "P, or ,P, or (7 )and is thus:

"P.=n(n-1)(n-2).. (""+1)=G-’1_!r_)T .

r taking values from O to n. Note that 0! is taken as having the
value 1. The number of permutations of » objects chosen from »

distinct objects is represented by "P, or (%) and is thus:

"P, = n! [5]

Example

In the wiring up of an electronic component there are four
assemblies that can be wired up in any order. In how
many different ways can the component be wired?

This involves determining the number of permutations of
four objects from four. Thus, using equation [5]:

"P,=nl =41 =24




296 Probability and statistics

Example

How many four-digit numbers can be formed from the
digits 0 to 9 if no digit is to be repeated within any one
number?

This involves determining the number of permutations of
4 objects from 10. Thus, using equation [4]:

np. o0l ___10!
n=Tn-ni = (10-4)
_10x9Ix8BxTxBx5x4x3x2x1 _
= 6x5x4x3x2x1 =5040
Combinations

There are often situations where we want to know the number of
ways r items can be selected from n objects without being
concerned with the order in which the objects are selected.
Suppose we had to select two items from a possible three different
items 4, B, C. The selections, i.e. permutations, we can have are:

AB AC BABC CA CB

But if we are not concerned with the sequence of the letters then
we only have the three ways AB, AC and BC. Such an unordered
set is termed a combination.

Consider the selection of a combination of r items from n
distinct objects. In the selected r items there will be r!
permutations (equation [S]) of distinct objects so that the
permutation of » items from » contains each group of » items r!
times. Since there are n!/(n — r)! different permutations of » items
from n we must have:

ne - __n!
rlx C’_(n—r)!

where "C,, .C, or (}) is used to represent the combination of r
items from n. Thus:

!
"Cr= T!z;lnTrY [6]

*C, is often termed a binomial coefficient. This is because numbers
of this form appear in the expansion of (x + y)” by the binomial
theorem (see Section 7.1.2).

When r items are selected from » distinct objects, n — r items
are left. The number of ways of selecting » items from # is given by
equation [6] as n!/rl(n — r)!. The number of ways of selecting n —
items from n is given by equation [6] as:
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n!

nC = n! — !
T == {n=-rIN " rl(a-r)

Thus we can say that there are as many ways of selecting r items
from 7 as selecting 7 — r objects from n:

*C, ="Cp [7]

There is just one combination of » items from »n objects. Thus
"C, = 1. If we select 0 items from 7, then because equation [6]
gives "Co = n!/0! and we take 1/0! = 1, we have "C, = 1. Evidently
there are as many ways of selecting none of the items in a set of n
as there are of choosing the 7 objects that are left.

Example
In how many ways can three objects be chosen from a
sample of 207

Using equation [6]: ©C; = 52057 = 29X19x18 _ 4149

Example

If a batch of 20 objects contains 3 with faults and a
sample of 5 is chosen, what is the probability of obtaining
a sample with (a) 0, (b) 1, (c) 2 faulty items?

The number of ways we choose the sample of § items
out of 20 is, using equation [6]:

_ 20!
*Cs = 1151

(a) The number of ways we can choose a sample with 0
defective items is the number of ways we choose 5 items
from 17 good items and is thus:

_an
Cs = 92T

Thus the probability of choosing a sample with 0 faulty
items is:

. _ 7Cs _ 17! 51151 _ 91
probability = z5¢, = 51157 201 - 228

(b) The number of ways we can choose a sample with 1
faulty item and 4 good items, i.e. selecting 1 faulty item
from 3 faulty items and 4 good items from 17 good items,
is given by the muitiplication rule as *C; x 7C,4. Thus the
probability of choosing a sample with 1 fauity item is:
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3

|
121
probability =12

4Tx131 _ 35
0! - 76

(c) The number of ways we can choose a sample with 2
faulty items and 3 good items, i.e. selecting 2 faulty items
from 3 faulty items and 3 good items from 17 good items,
is given by the multiplication rule as 3C; x '7C,. Thus the
probability of choosing a sample with 2 faulty items is:

3 ‘17 '
probability = A 23!‘)(14' =§%
5115]
Conditional probability

The multiplication rule is only valid when the occurrence of one
event has no effect upon the probability of the second event
occurring. While this can be used in many situations, there are
situations where a successful occurrence of the first event affects
the probability of occurrence of the second event. Suppose we have
50 objects of which 15 are faulty. What is the probability that the
second object selected is faulty given that the first object selected
was fault-free? This is a probability problem where the answer
depends on the additional knowledge given that the first selection
was fault-free. This means that there are less fault-free objects
among those remaining for the second selection. Such a problem is
said to involve conditional probability.

Example

Suppose we have 50 objects of which 15 are faulty. What
is the probability that the second object selected is faulty
given that the first object selected was fault-free?

Selecting the first object from 50 as fault-free has a
probability of 35/50. Because the first object was
fault-free we now have 34 fault-free and 15 faulty objects
remaining. Now selecting a faulty object from 49 has a
probability of 15/49. Using the multiplication rule gives
the probability of the first object being fault-free followed
by the second object faulty as (35/50)(15/49) = 0.21.

Problems 9.1

1 In a testing period of 1 year, 4 out of 50 of the items
tested failed. What is the probability of finding one of the
items failing?
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In a pack of 52 cards there are 4 aces. What is the
probability of selecting, at random, an ace from a pack?
Testing of a particular item bought for incorporation in a
product shows that of 100 items tested, 4 were found to
be fauity. What is the probability that one item taken at
random will be (a) faulty, (b) free from faults?

Resistors manufactured as 10 Q by a company are
tested and 5% are found to have values below 9.5 Q and
10% above 10.5 Q. What is the probability that one
resistor selected at random will have a resistance
between 9.5 Q and 10.5 Q?

100 integrated circuits are tested and 3 are found to be
faulty. What is the probability that one, taken at random,
will result in a working circuit?

Tests of an electronic product show that 1% have
defective integrated circuits alone, 2% have defective
connectors alone and 1% have both defective integrated
circuits and connectors. What is the probability of one of
the products being found to have a (a) defective
integrated circuit alone, (b) defective integrated circuit,
(c) defective connector, (d) no defects?

Cars coming to a junction can turn to the left, to the right
or go straight on. If observations indicate that all the
possible outcomes are equally likely, determine the
probability that a car will (a) go straight on, (b) turn from
the straight-on direction.

In how many ways can (a) 8 items be selected from 8
distinct objects, (b) 4 items be selected from 7 distinct
items, (c) 2 items be selected from 6 distinct items?

In how many ways can (a) 2 items be selected from 7
objects, (b) 5 items be selected from 7 objects, (c) 7
items be selected from 7 objects?

How many samples of 4 can be taken from 25 items?

A batch of 24 components includes 2 that are faulty. If a
sample of 2 is taken, what is the probability that it will
contain (a) no faulty components, (b) 1 faulty
component, (c) 2 faulty components?

A batch of 10 components includes 3 that are faulty. If a
sample of 2 is taken from the batch, what is the
probability that it will contain (a) no faulty components,
(b) 2 faulty components?

Of 10 items manufactured, 2 are faulty. If a sample of 3
is taken at random, what is the probability it will contain
(a) both the fauity items, (b) at least 1 faulty item?

A security alarm system is activated and deactivated by
keying-in a three-digit number in the proper sequence.
What is the total number of possible code combinations
if digits may be used more than once?

When checking on the computers used in a company it
was found that the probability of one having the latest
microprocessor was 0.8, the probability of having the
latest software 0.6 and the probability of having the
latest processor and latest software 0.3. Determine the
probability that a computer selected as having the latest
software will also have the latest microprocessor.
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9.2 Distributions

Key points

Quantities whose variation contains an
element of chance are called random
variables.

Variables which can only assume a
number of particular values ‘are called
discrete varables. Variables which can
assume any value in some range are
calied continuous variables.

For example, if we count the number of
times per hour that cars pass a
particular point then the result will be
series of numbers such as 12, 30, 17,
etc. The variable is thus discrete.
However, if we repeatedly measure the
time taken for 100 oscillations of a
penduium then the resuits will vary as a
result of experimental errors and will be
a series of values within a range of, say,
20.0 to 21.0 s. The variable can assume
any value within that range and so is
said to be a continuous variable.

Terms used in industry

In  manufacturing, two types of
‘variables' are encountered, namely
variables and attributes. Generally
speaking, variables are quantities which
may be quantitatively measured against
a calibrated standard, e.g. voitage in
volts, mass in kg, temperature in K, etc.
Variables which cannot be measured
against a set standard, e.g. taste, smell,
colour, etc. are termed attributes and are
more difficult to control. There are, of
course, grey areas; for example, taste is
subjective unless broken down into
clearly defined chemical constituents
and measured chemically against
quantitative standards.
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Figure 9.3  Probability distribution
with a discrete variable

All measurements are affected by random uncertainties and thus
repeated measurements will give readings which fluctuate in a
random manner from each other. This section considers the
statistical approach to such variability of data, dealing with the
measures of location and dispersion, i.e. mean, standard deviation
and standard error, and the binomial, Poisson and Normal
distributions. This statistical approach to variability is especially
important in the production environment and the consideration of
the variability of measurements made on products.

9.2.1 Probability distributions

Consider the collection of data on the number of cars per hour
passing some point and suppose we have the following results:

10, 12, 11, 13, 11, 12, 14, 12, 12, 11

When the discrete variable is sampled 10 times the value 10
appears once. Thus the probability of 10 appearing is 1/10. The
value 11 appears three times and so its probability is 3/10, 12 has a
probability of 4/10, 13 has the probability 1/10, 14 has the
probability 1/10. Figure 9.3 shows how we can represent these
probability values as a probability distribution.

Consider some experiment in which repeated measurements are
made of the time taken for 100 oscillations of a simple pendulum
and suppose we have the following results:

20.1, 20.3, 20.8, 20.5, 21.0, 20.8, 20.3, 20.4, 20.7, 20.6,
20.5, 20.7, 20.5, 20.1, 20.6, 20.4, 20.7, 20.5, 20.6, 20.3

With a continuous variable there are an infinite number of values
that can occur within a particular range so the probability of one
particular value occurring is effectively zero. However, it is
meaningful to consider the probability of the variable falling
within a particular subinterval. The term frequency is used for the
number of times a measurement occurs within an interval and the
term relative frequency or probability P(x) for the fraction of the
total number of readings in a segment. Thus if we divide the range
of the above results into 0.2 intervals, we have:

values >20.0 and <20.2 come up twice, thus P(x) = 2/20
values >20.2 and <20.4 come up five times, thus P(x) = 5/20
values >20.4 and <20.6 come up seven times, thus P(x) = 7/20
values >20.6 and <20.8 come up five times, thus P(x) = 5/20
values >20.8 and <21.0 come up once, thus P(x) = 1/20

The probability always has a value less than 1 and the sum of all
the probabilities is 1. Figure 9.4 shows how we can represent this
graphically. The probability that x lies within a particular interval
is thus the height of the rectangle for that strip divided by the sum
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Figure 9.4  Probability distribution
with a continuous variable

Probability density function

Figure 9.5 Probability distribution
function

The probability density function is a
function that allocates probabilities to all
of the range of values that the random
variable can take. The probability that the
variable will be in any particular interval is
obtained by integrating the probability
density function over that interval.
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Probability density function

Figure 9.6 Probability for
interval 20.8 to 21.0
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of the heights of all the rectangles. Since each strip has the same
width w:

o . . _ area of strip
probability of x being in an interval = “total area [8]

The histogram shown in Figure 9.4 has a jagged appearance.
This is because it represents only a few values. If we had taken a
very large number of readings then we could have divided the
range into smaller segments and still had an appreciable number
of values in each segment. The result of plotting the histogram
would now be to give one with a much smoother appearance.
When the probability distribution graph is a smooth curve, with
the area under the curve scaled to have the value 1, then it is
referred to as the probability density function fix) (Figure 9.5).
Then equation [8] gives:

probability of x being in the interval a<x < b
= area under the function of that interval

= ") ax [9]

Consider the probability, with a very large number of readings,
of obtaining a value between 20.8 and 21.0 with the probability
distribution function shown in Figure 9.6. If we take a segment
20.8 to 21.0 then the area of that segment is the probability. If, say,
the area is 0.30, the probability of taking a single measurement
and finding it in that interval is 0.30, i.e. the measurement occurs
on average 30 times in every 100 values taken.

Example

The following readings, in metres, were made for a
measurement of the distance travelled by an object in
10 s. Plot the results as a distribution with segments of
width 0.01 m.

13.478, 13.509, 13.502, 13.457, 13.492, 13.512, 13.475,
13.504, 13.473, 13.482, 13.492, 13.500, 13.493, 13.501,
13.472, 13.477

With segments of width 0.01 m we have:

Segment 13.45 to 13.46, frequency 1, so probability 1/16
Segment 13.46 to 13.47, frequency 0, so probability 0

Segment 13.47 to 13.48, frequency 5, so probability 5/16
Segment 13.48 to 13.49, frequency 1, so probability 1/16
Segment 13.49 to 13.50, frequency 4, so probability 4/16
Segment 13.50 to 13.51, frequency 4, so probability 4/16
Segment 13.51 to 13.52, frequency 1, so probability 1/16

Figure 9.7 shows the resulting distribution.
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Figure 9.7 Example

The mean is used as a measure of the
location of a distribution and the
standard deviation its spread.

9.2.2 Measures of location and
spread of a distribution

Parameters which can be specified for distributions to give an
indication of location and a measure of the dispersion or spread of
the distribution about that value are the mean for the location and
the standard deviation for the measure of dispersion.

Mean

The mean value of a set of readings can be obtained in a number of
ways, depending on the form with which the data is presented:

For a list of discrete readings, sum all the readings and divide
by the number N of readings, i.e.:
X1 +X2+X3+...+X; LX;

= - = [10]

For a distribution of discrete readings, if we have n; readings
with value x,, n, readings with value x,, n; readings with value
x3, etc., then the above equation for the mean becomes:

_ mXxy+nxa+n3xs+..+nx;
= N (11]

But n/N is the relative frequency or probability of value xi,
ny/N is the relative frequency or probability of value x,, etc.
Thus, to obtain the mean, multiply each reading by its relative
frequency or probability P and sum over all the values:

ny
=2 Px; [12]
=1

For readings presented as a continuous distribution curve, we
can consider that we have a discrete-value distribution with
very large numbers of very thin segments. Thus if f{x)
represents the probability distribution and x the measurement
values, the probability that x will lie in a small segment of
width dx is flx)dx. Thus the rule given above for discrete-value
distributions translates into:

=" xfryde [13]

With a very large number of readings, the mean value is taken

as being the true value about which the random fluctuations occur.
The mean value of a probability distribution function is often
termed the expected value.
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Figure 9.8

Key point

Accuracy and precision

Consider two marksmen firing 5 shots,
from the same gun under the same
conditions, at a target with the aim of
hitting the central bulls-eye. If the results
obtained are as shown in Figure 9.10,
then marksman A is accurate in that his
shots have a mean which coincides with
the bulls-eye. Marksman B has a smaller
scatter of results but his mean is not
centres on the bulis-eye. His shots have
greater precision but are less accurate.
Dispersion  measurement is thus
extremely important when designing
manufacturing processes and machining
to a set target mean value, i.e. the
buils-eye, with attainable tolerances.

Target Target
Mean Mean
Marksman A Marksman B

Figure 9.10 Accuracy and precision

The standard deviation o is the
root-mean-square value of the deviations

for all the measurements in the
distribution.
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Standard deviation

Any single reading x in a distribution (Figure 9.8) will deviate
from the mean of that distribution by:
deviation=x - X (14]
With one distribution we might have a series of values which is
widely scattered around the mean while another has readings

closely grouped round the mean. Figure 9.9 shows the type of
curves that might occur.

Probability distribution function

SR ——

Mean
Values

Figure 9.9 Distributions with different spreads but the same mean

A measure of the spread of a distribution cannot be obtained by
taking the mean deviation from the mean, since for every positive
value of a deviation there will be a corresponding negative
deviation and so the sum will be zero. The measure used is the
standard deviation.

The standard deviation o is the root-mean-square value of the
deviations for all the measurements in the distribution. The
quantity ¢ ? is known as the variance of the distribution.

Thus, for a number of discrete values, xi, x,, x3, ..., etc., we can
write for the mean value of the sum of the squares of their
deviations from the mean of the set of results:

sum of squares of deviation =

(x;—?)2+(x2—?)2+(x3—'}')2+...

N

Hence the mean of the square root of this sum of the squares of the
deviations, i.e. the standard deviation, is:

G=J((x“7>2+ xz—?N)2+(x3—?)2+...)

(15]
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However, we need to distinguish between the standard deviation s
of a sample and the standard deviation ¢ of the entire population
of readings that are possible and from which we have only
considered a sample (many statistics textbooks adopt the
convention of using Greek letters when referring to the entire
population and Roman for samples). When we are dealing with a
sample we need to write:

s=/(("“'x—=)2+ x2-%) +(x-7.) +.)

N-1

[16]

with x s being the mean of the sample. The reason for using N — 1
rather than N is that the root-mean-square of the deviations of the
readings in a sample around the sample mean is less than around
any other figure. Hence, if the true mean of the entire population
were known, the estimate of the standard deviation of the sample
data about it would be greater than that about the sample mean.
Therefore, by using the sample mean, an underestimate of the
population standard deviation is given. This bias can be corrected
by using one less than the number of observations in the sample in
order to give the sample mean.

For a continuous probability density distribution, since (n/N) dx
is the probability for that interval dx, i.e. f{x) dx where f{x) is the
probability distribution function, the standard deviation becomes:

© —\2
o= " (x-%) fnydx [17]
We can write this equation in a more useful form for calculation:
© —_— o —2 poo
0% = j_w xflx)dx-2x f_w xflx)dx + x S_mj(x)dx
Since the total area under the probability density function curve is
1, the third integral has the value 1 and so the third term is the

square of the means. The second integral is the mean. The first
integral is the mean value of x2. Thus:

I |

ot=x?-x [18]

i.e. the mean value of x? minus the square of the mean value.

Example
Determine the mean value and the standard deviation of
the sample of 10 readings 8,6, 8,4,7,5,7,6, 6, 4.

The meanvalueis (8+6+8+4+7+5+7+6+6+
4)/10=6.1.
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The standard deviation of the sample can be calculated
by considering the deviations of each reading from the
mean, these being:

1.9,-01,1.9,-2.1,19,-11, 0.9, -0.1,-0.1, -2.1

The squares of these deviations are:

3.61, 0.01, 3.61, 4.41, 3.61, 1.21, 0.81, 0.01, 0.01, 4.41
The sum of these squares is 21.7. If we consider we do

not have the entire population but just a sample, then the
standard deviation is ¥(21.7/9) = 1.6.

Example

In an experiment involving the counting of the number of
events that occurred in equal size time intervals the
following data was obtained:

0 events 13 times, 1 event 12 times, 2 events 9 times
3 events 5 times, 4 events once

Determine the mean number of events occurring in the
time interval and the standard deviation.

The total number of measurementsis 13+ 12+ 9+ 5 + 1
=40 and sothe mean valueis (O x 13 +1x12+2x9 +
3x5+4x1)/40=1.25.

We have 13 measurements with deviation -1.25, 12 with
deviation -0.25, 9 with deviation +0.75, 5 with deviation
+1.75 and 1 event with deviation 2.75. We can take the
squares of these deviations, sum them and divide by (40
- 1). Hence the standard deviation is 1.1.

Example

A probability density function has fix) = 1 for 0 < x < 1
and elsewhere 0. Determine its mean and standard
deviation.

The mean value is given by equation {13] as:
@ 1 2 7!
x={" xfx)dx=f xdx= [%L = %

The standard deviation is given by equation [17]:
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o?= " (x-R*fx)dx= _[;(x— 1) ? dx= j;(xz -x+ —}) d
=[§-—§—+%];=%—%+%=%=0.29

Alternatively, using equation [18]:

g?=x2-x2

since we have:

o Y ST T

then:

Standard error of the mean

With a samplie set of readings taken from a large population we
can determine its mean, but what is generally required is an
estimate of the error of that mean from the true value, i.e. the
mean of an infinitely large number of readings. We can consider
any set of readings as being just a sample taken from the very large
set.

Consider one sample of readings with » values being taken: x;,
X2, X3, ... X». The mean of this sample is:

7=‘,1{ij

This mean will have a deviation or error E from the true mean
value X of :

E=x -X.
Hence we can write:
E= G,—Ex,) —X=% E(xj—X)

If we write e, for the error of the first reading from the true mean,
e, for the error of the second, etc. we obtain:

E= ‘,l{(e] +ex+ez+... ej)
Thus:

E’= ;%(ef +e3 +e% +... + products such as eje,, etc.)



The standard error of the mean
obtained from a sample is the standard
deviation of the sample divided by the
square root of the sample size.
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E is the error from the mean for a single sample of readings. Now,
consider a large number of such samples with each set having the
same number n of readings. We can write such an equation as
above for each sample. If we add together the equations for all the
samples and divide by the number of samples considered, we
obtain an average value over all the samples of E2. Thus E is the
standard deviation of the means and is known as the standard
error of the means en (more usually the symbol o). Adding
together all the error product terms will give a total value of zero,
since as many of the error values will be negative as well as
positive. The average of all the e} terms is ne?, where e is, what
can be termed, the standard error of the sample. Thus:

But how can we obtain a measure of the standard error of the
sample? The standard error is measured from the true value X,
which is not known. What we can measure is the standard
deviation of the sample from its mean value. The best estimate of
the standard error for a sample turns out to be the standard
deviation s of a sample when we define it as:

s2= -n_—l_l 20x-x)?
i.e. with a denominator of N — 1, rather than just N. Thus the best

estimate of the standard error of the mean can be written as:

standard error of the mean = —— [19]

Jn

Example

Measurements are to be made of the percentage of an
element in a chemical by making measurements on a
number of sampies. The standard deviation of any one
sample is found to be 2%. How many measurements
must be made to give a standard error of 0.5% in the
estimated percentage of the element.

If n measurements are made, then the standard error of
the sample mean is given by equation [19] and so:

9.2.3 Common distributions

There are three basic forms of distribution which are found to
represent many forms of distributions commonly encountered in
engineering and science. These are the binomial distribution, the
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Key point

The characteristics of a variable that
gives a binomial distribution are that the
experiment consists of n identical trials,
there are two possible complementary
outcomes, success or failure, for each
trial and the probability of a success is
the same for each trial, the trials are
independent and the distribution
variable is the number of successes in
n trials.

Poisson distribution and the normal distribution (sometimes called
the Gaussian distribution). Binomial distributions are often
approximated by the Poisson distribution. The normal distribution
is a model widely used for experimental measurements when there
are random errors.

Binomial distribution

In the tossing of a single coin the result is either heads or tails
uppermost. We can consider this as an example of an experiment
where the results might be termed as either success or failure, one
result being the complement of the other. If the probability of
succeeding is p then the probability of failing is 1 — p. Such a
form of experiment is termed a Bernoulli trial.

Suppose the trial is the throwing of a die with a 6 uppermost
being success. The probability of obtaining a 6 as the result of one
toss of the die is 1/6 and the probability of not obtaining a 6 is 5/6.
Suppose we toss the die » times. The probability of obtaining no 6s
in any of the trials is given by the product rule as (5/6)". The
probability of obtaining one 6 in, say, just the first trial out of the
is (5/6)' (1/6). But we could have obtained the one 6 in any one
of the n trials. Thus the probability of one 6 is n(5/6)*" (1/6). The
probability of obtaining two 6s in, say, just the first two trials is
(5/6)"*(1/6)*. But these two 6s may occur in the n trials in a
number of combinations n!/2!(n — 2) (see Section 9.1.2). Thus the
probability of two 6s in n trials is [n!/2!(n - 2)](5/6)*(1/6)*. We
can continue this for three 6s, 4s, etc.

In general, if we have » independent Bernoulli trials, each with
a success probability p, and of those n trials k give successes, and
(n — k) failures, the probability of this occurring is given by the
product rule as:

"CpH1 - Pt = e gyrp (- P [20]

This is termed the binomial distribution. This term is used
because, for k = 0, 1, 2, 3, ... n, the values of the probabilities are
the successive terms of the binomial expansion of [(1 — p) + p]".

For a single Bernoulli trial of a random variable x with
probability of success p, the mean value is p. The standard
deviation is given by equation [18] as:

- _2
o*=x2-"x =p*-p=p(l1-p)
For n such trials:

mean value = np [21]

standard deviation = /np(1 - p) [22]



In the example, if the probability of a sale
is p and the probability of no sale is g,
then g + p = 1. We are concemned with 6
enquiries and so if we consider the
binomial expansion of (q + p)® we have:

(g +p)* = ¢ +6¢°p + 15¢'p* + 20¢°p°
+15¢°p* + 6qp° + p*

Each successive term in the expansion
gives the probability of 0,1, 2,3, 4,50r 6
sales. Thus, with p = 0.3 we have ¢ = 0.7
and so the probability of O sales is 0.7° =
0.118.

P(x)
03|

02

01}

1 1L
0 1 2 3 4 5 6
x

Figure 9.11 Example
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Example

The probability that an enquiry from a potential customer
will lead to a sale is 0.30. Determine the probabilities that
among six enquiries there willbe 0, 1, 2, 3, 4, 5, 6 sales.

Using equation [20]:
The probability of 0 is:
_n__ x K_ 0 6_
k!(n—k)!p A-p)rk= 0'6! A1a7(0.30)°(0.70)° = 0.118
The probability of 1 is:

n! 6! 1 2
m)—!pkﬂ -p)tk= 'Tm(o.30) (0.70)* = 0.303
The probability of 2 is:

Al pk(1 - py™* = -05-(0.30)%(0.70)* = 0.324
Kn-rrP-p7= 2l4|
The probability of 3 is:

|
k—!(:—;,-(—)Tpka -pk= 3,3. =957(0.30)%(0.70)* = 0.185
The probability of 4 is:

nl
RoTorP (1 -p™* = 451 2057(0.30)4(0.70) = 0.060
The probability of 5 is:

L pkq - pyrk = 8L-(0.30)%(0.70)' = 0.010
Ki(n-kiP (1 =P 5|1! :
The probability of 6 is:

6! 6 0
k,(n Kn-RTP (1 - p)™* = 57p7 (0-30)°(0.70)" = 0.001

Figure 9.11 shows the distribution.

Poisson distribution
The Poisson distribution for a variable 1 is:

-A

Py =48 [23]
for k=0, 1, 2, 3, etc. The mean of this distribution is 4 and the
standard deviation is VA. When the number 7 of trials is very large
and the probability p small, e.g. » > 25 and p < 0.1, binomial
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Approximating the binomial distribution

to the Poisson distribution

= 1 and the binomial expression gives:

-1 n-2pn2
(q+p)"=q"+nq'*‘p+——71——"(" )" P
. nn-1xn-2)q™p®

approximated to:

n-2n2
1n=1n+n1n-1p+_pn_12!_p_

nnn1™3p3
+ —31—- +

2502 33
1"=1+np+%+n3’; +...

If we let np = 1 then:

2
1"=1+1+%!—+é—?+...

the binomial expression as:

2 3
@q+p)"= e"[1 +2+ % + %!— +]

given by equation [23].

If p is the possibility of an event
occurring and q the possibility that it
does not occur, then ¢ + p = 1 and so if
we consider n samples, we have (q + p)”

If pis small then g =1 — p = 1 and with
n large the first few terms have n - 1
approximating ton, n— 2to n, etc. The
binomial expression can thus be

probabilities are often approximated by the Poisson distribution.
Thus, since the mean of the binomial distribution is 7p (equation
[21]) and the standard deviation (equation [22]) approximates to
\np when p is small, we can consider 4 to represent np. Thus A
can be considered to represent the average number of successes per
unit time or unit length or some other parameter.

Example

2% of the output per month of a mass produced product
have faults. What is the probability that of a sample of
400 taken that 5 will have faults?

Assuming the Poisson distribution, we have 4 = np = 400
x 0.02 = 8 and so equation [23] gives for k= 5:

5 o8
P(5)= 88— - 0.003

But this is the series for e (see Tabie
7.1) and so 1" = e*. We can thus write

and so the terms in the expression are

Example

The output from a CNC machine is inspected by taking
samples of 60 items. If the probability of a defective item
is 0.0015, determine the probability of the sample having
(a) two defective items, (b) more than two defective
items.

(@) We have n = 60 and p = 0.0015. Thus, assuming a
Poisson distribution, we have 1 = np = 60 x 0.0015 = 0.09
and so equation [23] gives the probability of two defective
items as (0.092 x €°%)/2] = 3.7 x 1023 or 0.37%.

(b) The probability of there being more than two defective
itemsis 1= {PQO) + P(1) + PQ2)]=1-e*{1 + A+ 1221} =
1-e%%{1+009+4.5x10°%=1.36x 10" or 0.01%.

Example

There is a 1.5% probability that a machine will produce a
faulty component. What is the probability that there will
be at least 2 faulty items in a batch of 100?

Assuming the Poisson distribution can be used, we have

A=np =100 x 0.015 = 1.5 and so the probability of at
least 2 faulty items will be:

0 1
Pe2)=1-PO)-P(1)=1- 12— e15- 13" o-15_0.442
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Figure 9.12  Normal distribution
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Figure 9.13  Values within
+ or — x of the mean

The normal distribution is standardised
8o that we can compare measurements
from samples where their units of
measure differ, their means differ and
their standard deviations may differ, e.g.
when comparing similar machining
processes for geometrically similar
components running off different
tolerances.

f(x)

0 z

Figure 9.14  Standard
normal distribution
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Normal distribution

A particular form of distribution, known as the normal distribution
or Gaussian distribution, is very widely used and works well as a
model for experimental measurements when there are random
errors. This form of distribution has a characteristic bell shape
(Figure 9.12). It is symmetric about its mean value, having its
maximum value at that point, and tends rapidly to zero as x
increases or decreases from the mean. It can be completely
described in terms of its mean and its standard deviation. The
following equation describes how the values are distributed about
the mean:

= —1 o207
Sx) s e [24]

The fraction of the total number of values that lies between —x
and +x from the mean is the fraction of the total area under the
curve that lies between those ordinates (Figure 9.13). We can
obtain areas under the curve by integration.

To save the labour of carrying out the integration, the results
have been calculated and are available in tables. As the form of the
graph depends on the value of the standard deviation, as illustrated
in Figure 9.12, the area depends on the value of the standard
deviation o. In order not to give tables of the areas for different
values of x for each value of o, the distribution is considered in
terms of the value of:

(x-"x)o

this commonly being designated by the symbol z, and areas
tabulated against this quantity. z is known as the standard normal
random variable and the distributions obtained with this as the
variable are termed the standard normal distribution (Figure 9.14).
Any other normal random variable can be obtained from the
standard normal random variable by multiplying by the required
standard deviation and adding the mean, i.e.

xX=0z+Xx

Table 9.1 shows examples of the type of data given in tables for z.
When we have:

x-x =lo

then z = 1.0 and the area between the ordinate at the mean and the
ordinate at 1o as a fraction of the total area is 0.341 3. The area
within £lo of the mean is thus the fraction 0.681 6 of the total
area under the curve, i.e. 68.16%. This means that the chance of a
value being within +lo of the mean is 68.16%, i.e. roughly
two-thirds of the values.
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99.7% of all results
¢ 95% of all

»

results
68% of all

results

Figure 8.15 Normal distribution

Table 9.1 is only a rough version of the
more detailed tables that are needed in
statistical process control. Detailed
tabies are readily available.

f0x)

140 X x

Figure 9.16  Example

Table 8.1 Areas under normal curve

z Area from mean z Area from mean
0 0.0000 1.6 0.4452
0.2 0.0793 1.8 0.464 1
04 0.1555 2.0 04772
0.6 02257 2.2 0.486 1
0.8 0.288 1 2.4 04918
1.0 0.3413 2.6 0.4953
1.2 0.384 9 28 04974
1.4 0.4192 3.0 0.498 7
When we have:
x-x =20

then z = 2.0 and the area between the ordinate at the mean and the
ordinate at 1o as a fraction of the total area is 0.477 2. The area
within £2¢ of the mean is thus the fraction 0.954 4 of the total
area under the curve, i.e. 95.44%. This means that the chance of a
value being within +2¢ of the mean is 95.44%.

When we have:

x-x =30

then z = 3.0 and the area between the ordinate at the mean and the
ordinate at 3¢ as a fraction of the total area is 0.498 7. The area
within +1¢ of the mean is thus the fraction 0.997 4 of the total
area, i.e. 99.74%. This means that the chance of a reading being
within £3¢ of the mean is 99.74%. Thus, virtually all the readings
will lie within £3¢ of the mean. Figure 9.15 illustrates the above.

Example

Measurements are made of the tensile strengths of
samples taken from a batch of steel sheet. The mean
value of the strength is 800 MPa and it is observed that
8% of the samples give values that are below an
acceptable level of 760 MPa. What is the standard
deviation of the distribution if it is assumed to be normal?

This means that an area from the mean of 0.50 - 0.08 =
0.42. To the accuracy given in Table 9.1, this occurs
when z = 1.4 (Figure 9.16). Thus,

(x-"X)lo = (760-800)/c = 1.
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and so the standard deviation is 29 MPa. In the above
analysis, it was assumed that the mean given was the
true value or a good enough approximation.

Example

A pharmaceutical manufacturer produces tablets having
a mean mass of 4.0 g and a standard deviation of 0.2 g.
Assuming that the masses are normally distributed and
that a table is chosen at random, determine the
probability that it will (a) have a mass between 3.55 and
3.85 g, (b) will differ from the mean by less than 0.35 g,
and (c) determine the number that might be expected to
have a mass less than 3.7 g in a carton of 400.

(a) The probability of tablets having masses between
3.55 g and 3.85 g is the area between the normal
distribution with ordinates of these masses (Figure 9.17).
We have z; = (3.55 - 4.0)/0.2 = —2.25 and z, = (3.85 -
4.0)/0.2 = -0.75. Table 9.1, or better tables, gives,
approximately, (area between mean and 2.25) - (area
between mean and 0.75) = 0.4878 — 0.2734 = 0.2144 or
about 21.4%.

(b) To determine the probability of tables differing from
the mean of 4.0 g by less than 0.35 g we consider the
area between the ordinates for masses between -3.65 g
and 4.35 g. These give z values of -1.75 and +1.75 and
the area is thus as indicated in Figure 9.18. This is 2 x
0.4599 = 0.9198 or about 92%.

(c) The probability of a mass less than 3.7 g is for a z
value less than (3.7 — 4.0)/0.2 = -1.5 (Figure 9.19). The
area within +1.5 and -1.5 of the mean is 2 x 0.433 =
0.866. The total area under the curve is 1 and so the area
outside these limits is 1 — 0.866 = 0.134. Just half of this
area will be for less than 3.7 g and so the area is 0.134.
For 400 tablets this means 0.134 x 400 or about 27
tablets.

Problems 9.2

1 Determine the mean value of a variable which can have

the discrete values of 2, 3, 4 and 5 and for which 2
occurs twice, 3 occurs three times, 4 occurs three times
and 5 occurs once.

2 The probability density function of a random variable x is

given by Yax for 0 < x < 2 and O for all other values.
Determine the mean value of the variable.

3 Determine the mean and the standard deviation for the

following data: 10, 20, 30, 40, 50.
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10

1

12

13

14

15

Determine the standard deviation of the resistance
values for a sample of 12 resistors taken from a batch if
the values are: 98, 95, 109, 99, 102, 99, 106, 96, 101,
108, 94, 102 Q.

Determine the standard deviation of the six values: 1.3,
14,0.8,09, 1.2 1,0.

Determine the standard deviation of the probability
distribution function fx) = 2x for 0 < x < 1 and 0
elsewhere.

The following are the results of 100 measurements of the
times for 50 oscillations of a simple pendulum:

Between 58.5 and 61.5 s, 2 measurements
Between 61.5 and 64.5 s, 6 measurements
Between 64.5 and 67.5 s, 22 measurements
Between 67.5 and 70.5 s, 32 measurements
Between 70.5 and 73.5 s, 28 measurements
Between 73.5 and 76.5 s, 8 measurements
Between 76.5 and 79.5 s, 2 measurements

(a) Determine the relative frequencies of each segment.
(b) Determine the mean and the standard deviation.

A random sample of 25 items is taken and found to have
a standard deviation of 2.0. (a) What is the standard
error of the sample? (b) What sample size would have
been required if a standard error of 0.5 was acceptable?
It has been found that 10% of the screws produced are
defective. Determine the probabilities that a random
sample of 20 will contain 0, 1, 2, 3, 4, 5,6, 7, 8, 9, 10
defectives. .

The probability that any one item from a production line
will be accepted is 0.70. What is the probability that
when 5 items are randomly selected that there will be 2
unacceptable items?

Packets are filled automatically on a production line and,
from past experience, 2% of them are expected to be
underweight. If an inspector takes a random sample of
10, what will be the probability that (a) 0, (b) 1 of the
packets will be underweight?

1% of the resistors produced by a factory are faulty. If a
sample of 100 is randomly taken, what is the probability
of the sample containing no faulty resistors?

The probability of a mass-produced item being fauity has
been determined to be 0.10. What are the probabilities
that a random sample of 50 will contain 0, 1, 2, 3, 4, 5, 6,
7, 8, 9, 10 faulty items?

A product is guaranteed not to contain more than 2%
that are outside the specified tolerances. In a random
sample of 10, what is the probability of getting 2 or more
outside the specified tolerances?

A large consignment of resistors is known to have 1%
outside the specified tolerances. What would be the
expected number of resistors outside the specified
tolerances in a batch of 10 000 and the standard
deviation?
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The number of cars that enter a car park follows a
Poisson distribution with a mean of 4. If the car park can
accommodate 12 cars, determine the probability that the
car park is filled up by the end of the first hour it is open.
On average six of the cars coming per day off a
production line have faults. What is the probability that
four faulty cars will come off the line in one day?

The number of breakdowns per month for a machine
averages 1.8. Determine the probability that the machine
will function for a month with only one breakdown.
Measurements of the resistances of resistors in a batch
gave a mean of 12 Q with a standard deviation of 2 Q. If
the resistances can be assumed to have a normal
distribution about this mean, how many from a batch of
300 resistors are likely to have resistances more than
15 Q?

Measurements made of the lengths of components as
they come off the production line have a mean value of
12 mm with a standard deviation of 2 mm. If a normal
distribution can be assumed, in a sample of 100 how
many might be expected to have (a) lengths of 15 mm or
more, (b) lengths between 13.7 and 16.1 mm?
Measurements of the times taken for workers to
complete a particular job have a mean of 29 minutes
and a standard deviation of 2.5. Assuming a normal
distribution, what percentage of the times will be (a)
between 31 and 32 minutes, (b) less than 26 minutes?
Inspection of the lengths of components yields a normal
distribution with a mean of 102 mm and a standard
deviation of 1.5 mm. Determine the probability that if a
component is selected at random it will have a length (a)
less than 100 mm, (b) more than 104 mm, (c) between
100 and 104 mm.

A machine makes resistors with a mean value of 50 Q
and a standard deviation of 2 Q. Assuming a normal
distribution, what limits should be used on the values of
the resistance if there are to be not more than 1 reject in
1000.

A series of measurements was made of the periodic time
of a simple pendulum and gave a mean of 1.23 s with a
standard deviation of 0.01 s. What is the chance that,
when a measurement is made, it will lie between 1.23
and 1.24 s?

The measured resistance per metre of samples of a wire
have a mean resistance of 0.13 Q and a standard
deviation of 0.005 W. Determine the probability that a
randomly selected wire will have a resistance per metre
of between 0.12 and 0.14 Q.

A set of measurements has a mean of 10 and a standard
deviation of 5. Determine the probability that a
measurement will lie between 12 and 15.

A set of measurements has a normal distribution with a
mean of 10 and a standard deviation of 2.1. Determine
the probability of a reading having a value (a) greater
than 11 and (b) between 7.6 and 12.2.
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9.3 Experimental

errors

Random errors are those errors which
vary in a random manner between
successive readings of the same
quantity. Random errors can be
determined and minimised by the use of
statistical analysis.

Systematic errors are those errors
which do not vary from one reading to
another, e.g. those arising from a
wrongly set 2zero. Systematic errors
require the use of a different instrument
or measurement technique to establish
them.

Experimental error is defined as the difference between the result
of a measurement and the true value:

error = measured value — true value [25]

Errors can arise from such causes as instrument imperfections,
human imprecision in making measurements and random
fluctuations in the quantity being measured. This section is a brief
consideration of the estimation of errors and their determination in
a quantity which is a function of more than one measured variable.

With measurements made with an instrument, errors can arise
from fluctuations in readings of the instrument scale due to
perhaps the settings not being exactly reproducible and operating
errors because of human imprecision in making the observations.
The term random error is used for those errors which vary in a
random manner between successive readings of the same quantity.
The term systematic error is used for errors which do not vary
from one reading to another, e.g. those arising from a wrongly set
zero. Random errors can be determined and minimised by the use
of statistical analysis, systematic errors require the use of a
different instrument or measurement technique to establish them.

With random errors, repeated measurements give a distribution
of values. This can be generally assumed to be a normal
distribution. The standard error of the mean of the experimental
values can be estimated from the spread of the values and it is this
which is generally quoted as the error, there being a 68%
probability that the mean will lic within plus or minus one
standard error of the true mean. Note that the standard error does
not represent the maximum possible error. Indeed there is a 32%
probability of the mean being outside the plus and minus standard
error interval.

With just a single measurement, say the measurement of a
temperature by means of a thermometer, the error is generally
quoted as being plus or minus one-half of the smallest scale
division. This, termed the reading error, is then taken as an
estimate of the standard deviation that would occur for that
measurement if it had been repeated many times.

Example

A rule used for the measurement of a length has scale
readings every 1 mm. Estimate the error to be quoted
when the rule is used to make a single measurement of a
length.

The error is quoted as £0.5 mm.
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Example

Measurements of the tensile strengths of test pieces
taken from a batch of incoming material gave the
following results: 40, 42, 39, 41, 45, 40, 41, 43, 45, 46
MPa. Determine the mean tensile strength and its error.

The mean is given by equation [10] as (40 + 42 + 39 + 41
+ 45 + 40 + 41 + 43 + 45 + 44)/10 = 42. The standard
deviation can be calculated by the use of equation [12].
The deviations from the mean are -2, 0, -3, -1, 3, -1, 1,
3, 4 and their squares are 4, 0, 9, 1, 9, 1,1, 9, 16. The
standard deviation is thus V[50/(10 - 1)] = 2.4 MPa. The
standard error is thus 2.4/Y10 = 0.8 MPa. Thus the result
can be quoted as 42 £ 0.8 MPa.

Statistical errors

In addition to measurement errors arising from the use of
instruments, there are what might be termed statistical errors.
These are not due to any errors arising from an instrument but
from statistical fluctuations in the quantity being measured, e.g.
the count rate of radioactive materials. The observed values here
are distributed about their mean in a Poisson distribution and so
the standard deviation is the square root of the mean value.

Example

In an experiment, the number of alpha particles emitted
over a fixed period of time is measured as 4206.
Determine the standard deviation of the count.

Assuming the count follows a Poisson distribution, the
standard deviation will be the square root of 4206 and so
65. Thus the count can be recorded as 4206 + 65.

9.3.1 Combining errors

An experiment might require several quantities to be measured
and then the values inserted into an equation so that the required
variable can be calculated. For example, a determination of the
density of a material might involve a determination of its mass and
volume, the density then being calculated from mass/volume. If the
mass and volume each have errors, how do we combine these
errors in order to determine the error in the density?

Consider a variable Z which is to be determined from sets of
measurements of A and B and for which we have the relationship
Z = A + B. If we have A with an error A4 and B with an error AB
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then we might consider that Z + AZ=A4 + A4 + B+ AB and so we
should have

AZ= A4 + AB [26)

i.e. the error in Z is the sum of the errors in 4 and B. However,
this ignores the fact that the error is the standard error and so is
just the value at which there is a probability of +68% that the
mean value for 4 or B will be within that amount of the true mean.
If we consider the set of measurements that were used to obtain the
mean value of A and its standard error and the set of
measurements to obtain the mean value of B and its standard error
and consider the adding together of individual measurements of 4
and B then we can write AZ = A4 + AB for each pair of
measurements. Squaring this gives:

AZ? = (A4 + AB)* = (A4’ + (AB)* +2 A4 AB

We can write such an equation for each of the possible
combinations of measurements of A and B. If we add together all
the possible equations and divide by the number of such equations,
we would expect the 2 A4 AB terms to cancel out since there will
be as many situations with it having a negative value as a positive
value. Thus the equation we should use to find the error in Z is:

AZ? = (A4)* + (AB)? 27}

The same equation is obtained for Z=A4 - B.

Now consider the error in Z when Z = AB. As before, we might
argue that Z+ AZ = (4 + AA)(B + AB) and so AZ=B AA + A AB,
if we ignore as insignificant the A4 AB term. Hence:

AZ BM+AAB _ M . AB
Z=" AB " A'B [28]

i.e. the fractional error in Z is the sum of the fractional errors in 4
and B or the percentage error in Z is the sum of the percentage
errors in A and B. However, this ignores the fact that the error is
the standard error and so is just the value at which there is a
probability of £68% that the mean value for A or B will be within
that amount of the true mean. If we consider the set of
measurements that were used to obtain the mean value of 4 and its
standard error and the set of measurements to obtain the mean
value of B and its standard error and use equation [28] for each
such combination, then we can write:

(F) = (4+48) = (4" +(4) (4 (4)

We can write such an equation for each of the possible
combinations of measurements of 4 and B. If we add together all
the possible equations and divide by the number of such equations,
the 2(A4/A)(AB/B) terms cancel out since there will be as many
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situations with it having a negative value as a positive value. Thus
the equation we should use to find the error in Z is:

()-8 () 2

The same equation is obtained for Z = A/B. If Z = A? then this is
just the product of A and 4 and so equation [29] gives (AZ/Z)* =
2(AA4/A)*. Thus for Z = A" we have:

AZN?_ (M)
(%) =n(44) [30]
In all the above discussion it was assumed that the mean value

of Z was given when the mean values of 4 and B were used in the
defining equation.

Example

The resistance of a resistor is determined from
measurements of the potential difference across it and
the current through it. If the potential difference has been
measured as 2.1 £ 0.2 V and the current as 0.25 £ 0.01
A, what is the resistance and its error?

The mean resistance is 2.1/0.25 = 8.4 Q. The fractional
error in the potential difference is 0.2/2.1 = 0.095 and the
fractional error in the current is 0.01/0.25 = 0.04. Hence
the fractional error in the resistance is ¥(0.0952 + 0.04?) =
0.10. Thus the resistance is 8.4 £ 0.9 Q.

Example

If g = 4n2L/T? and L has been measured as 1.000 + 0.005
mand Tas 2.0 £ 0.1 s, determine g and its error.

The mean value of g is 47%(1.000)/2.02 = 9.87 m/s2. The
fractional error in L is 0.005 m and that in T is 0.05 s.
Thus:

(fractional error in g)2 = 0.005% + 2 x 0.052

Thus the fractional error in g is 0.071 and so g = 9.87 &
0.7 m/s2.
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Problems 9.3

1

10

Determine the mean value and standard error for the
measured diameter of a wire if it is measured at a
number of points and gave the following results: 2.11,
2.05, 2.15, 2.12, 2.16, 2.14, 2.16, 2.17, 2.13, 2.15 mm.
An ammeter has a scale with graduations at intervals of
0.1 A. Give an estimate of the standard deviation.
Determine the mean and the standard error for the
resistance of a resistor if repeated measurements gave
51.1, 51.2, 51.0, 51.4, 50.8 Q.

in an experiment the number of gamma rays emitted
over a fixed period of time is measured as 5210.
Determine the standard deviation of the count.

How big a count should be made of the gamma radiation
emitted from a radioactive material if the percentage
error should be less than 1%7?

Repeated measurements of the voltage necessary to
cause the breakdown of a dielectric gave the results
38.9, 39.3, 38.6, 38.8, 38.8, 39.0, 38.7, 39.4, 39.7, 38.4,
39.0, 39.1, 39.1, 39.2 kV. Determine the mean value and
the standard error of the mean.

Determine the mean value and error for Z when (a) Z =
A-B,(b)Z=2AB,(c)Z=A% (d)Z=B/AifA=100%3
andB= 50+ 2.

The resistivity of a wire is determined from
measurements of the resistance R, diameter d and
length L. If the resistivity is RA/L, where A is the
cross-sectional area, which measurement requires
determining to the greatest accuracy if it is not to
contribute the most to the overall error in the resistivity?
The cross-sectional area of a wire is determined from a
measurement of the diameter. If the diameter
measurement gives 2.5 £ 0.1 mm, determine the area of
the wire and its error.

Determine the mean value and error for Z when (a) Z =
A+B (b)Z=AB,(c)Z=A/Bif A=10023 and B= 50
2.



Chapter 1

PN

Solutions to
problems

1.1

=N

-

2k
W/
1'23l s:ts'
N

2 -
Figure S.1

@3,0)5

@0,M)6

@

@2,0b1

@0, (2
v=0for0<t<2,v=10Vfor2 <t
See Figure S.1

(a)2.015s,(b)6.34s

(a) 2 m/s, (b) 7 m/s
(@3x+1,b)2x+2,(c)2x+1
@x+3x+1,1)92+3,()32%+3,(d)x*-3x-1,
€9+ 12x+5

1.2

O O 0NN LR WN -

b

1 (a) Straight line through origin, (b) straight line not through
origin, (c) not straight line, (d) no straight line
2 @i=05t+2amps, (b)e=12x103Lm

1.3

1 (a)-3.2, 1.2, (b) 2.6, -0.38, (c) 3.8, -0.41, (d) no real roots
2 38.2°C, 261.8°C
3 093m,-0.11m

_ mgl? mgL3\? mgL3
4 ¥=48ET *J( 48T ) * 2" asET
5 188morl.6m

6 5.41cmand8.41cm

1.4

1 @ 30+3), ®x-4, © ¥%, @ {Ie+D)
2 No, but if domain restricted to x > 0 then yes
3 @xz1, 1+ /x,®b)x>-1, -1+ /x+4
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1.5

[

'

[ RN I~ WV ¥

9
10
11
12
13
14

15
16

17
18
19
20
21

Amplitude = 5, phase angle = +30° leading

Amplitude = 4, angular frequency = 3 rad/s
(@)2,1.27s,1rad, (b)6,2.09s,0,(c)5,9.4s,0.33 rad, (d) 2,
6.28 s, —0.6 rad lagging

(@6, =, 1, (®)2,21/9,0,(c)6, 5z, -0.2, (d) 2, 27, 0.2, (e) 6,
n/2, n/8, (£) 0.5, 2%, —n/6

40,20 Hz

(@)0.87 V, (b) 0.87 V

(a) 100 mA, (b) 100 Hz, (c) 0.25 rad or 14.3° lagging

(a) 12V, (b) 50 Hz, (c) 0.5 rad or 28.6° lagging

162V

As given in the problem

101.3°, 355.4°

(a) V41 sin (6 - 5.61), (b) V41 cos (0 + 5.39)

R=W1+u»" tanf= 1/u

(a) 5 sin (wt + 0.927), (b) 8.63 sin (wt — 1.01), (c) 4.91 sin (ot
+4.13)or4.91 (wt-2.15)for-n<a<n

5.83 sin (0 + 59.03)

(a) 15 sin (wt — 0.64), (b) 8.06 sin (wt + 2.62),

(c) 6.71 sin (wt — 2.03)

22.4 sin (ot + 1.11) mA

6.81 sin (ot +0.147) V

126.2V2 sin (wt - 0.071) V

8.72V2 sin (wt — 9.639) A

(a) 0.83, (b) 1.47, (c) 0.67, (d) —0.41

1.6

(a) The negative sign, (b) N, (c) A small

(a) The power is positive, (b) Lo, (c) o high means a high
expansion

@0,(b)3A

(a) 2, infinite, (b) 10, 0, (¢) 0, 2, (d) 2, 0, (¢) -4, 0,(f) 0, 0.5,
(® 0,4,

(h) 10, 0, (i) 0, 0.2

(a) 18.10 V, (b) 7.36 V

9.96 x 10* Pa

(a) 0, (b) 0.86E/R A

(a) 0, (b) 0.86E

0.95 uC

(@0, () 1.57TA,(c)2.53A,(d)3.11A,(e)4 A
513V

5637 Q

(@) 126A,(b)1.72A,(c)1.90A

0.03g

(a) 8.61 x 10* Pa, (b) 7.41 x 10*Pa

(a) 198.0V, (b) 190.2 V

(a) -E, (b) 0.61F

(a) 0, (b) 0.63E
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19 (a) 200°C, (b) 134.1°C, (c) 0°C

20 + gives growth, — decay.

21 @e¥, e, ©e',(d1+2e*+e¥ (e)e™,
@ %, (g) ™, (h) 5 e¥, (i) 0.4 &*

1.7

(@4lgx, (b)Slgx-1g2
(@)1lghb+051g2-1ga-lgec,(b)31ga+3lgh-151ge
(a) 5.19, (b) —0.593, (c) 0.419

v=102 ¢

0 = 800 e

Q=2.6h*

A =400 e

T=50¢"®

I1=2430 mA, T=-51.3

60.62 x 10°

1.8

1 (a)3.627, (b) 74.210, (c) 0.964, (d) —3.627, (¢) 0.525,
(f) 0.748
2 1.622m

3 (a)‘/[ £, 2)am |,

note when surface tensnon neglected /gh,

C WO IO EWN -

P

2wy
® ( vy )
Chapter 2 2.1
1 (a)7.43 m/s, N73°W, (b) 3.58 m/s, N 54°E, (¢) 8.16 m/s, N
75°E

2 (@) 13m N67°E, (b) 13m,N67° W, (c) 13 m, S 67°E,
(d) 24.5m, N 78°E

3 (a) A, (b) BD, () DB

4 @Qb-a@®a+b,(c)a-3b,(d)2b

5 7.8Nat54°to AB

6 (a) AD, (b) AE, (©) 0, (d) AC

7 136N,882N

8 (a) 3.6, 56.3°, (b) 5.4, 21.8°, (c) 4.2, 45°

']

(a) 4i + 6j, (b) -8i, (c) 10i + 9j
10 (a) 7i + 5j, (b) 3i — 1j, (¢) 1li — 4j
11 (a) 9i + 2j, (b) Ji+ 4" © - 131 -3j

2@ T
®) 38 2=, -, 2
/38 /38 ° /3%

© 38, =, 3 2
738 738 /38
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) -5 2
B IS s TR
14 17i+11j+ 5k, J255, J93, /2
15 112.6°
16 48.2°,131.8°, 70.5°

2.3

1 @-j,®1,(©-j@-1
(a) £j4, (b) 2 £j2, (c) 0.5 £ j1.1
3 (a) 4.122166°, (b) 5.£233°, (c) 320°, (d) 62270°, () 1.4245°,
() 3.612326°
4 (a)-2.5+j4.3, (b) 7.07 +j7.07, (c) -6,
(d) 0.68 +j2.72, () 1.73 +j1, () 1.5 - j2.6
5 (@) 1+j6, (b) S —j2, (c) -14 + 8, (d) 0.23 — j0.15, (e) 0.1 —
j0.8
6 (a)5-j2, (0)-2-jl, (€)-1+j7, (d) 1, () 12 +j8,
® -10 +j6, (g) 11 - j2, (h) 12, (i) 10 +J5, (j) 0.9 +j1.2,
(%) 0.23 - j0.15, (1) j1, (m) 0.3 +j1.1
7 (a) 20.£60°, (b) 50.£80°, (c) 0.12(~20°), (d) 0.52(-40°),
(e) 5£(=20°), () 0.4.£(~20°)
8 (a) 10.£(~=30°), 8.66 — j5, (b) 10.£150°, —8.66 + j5, (c) 22.£45°,
15.6 +j15.6
9 (a)5.5+j2.6,6.1£25.3°, (b) -2 +j7, 7.32105.%°,
(c) 3.7+j4.5, 5.8250.6°
10 (a) 25290°, (b) 20.275°, (c) 44.5.,83.3°, (d) 4£(-30°), ()
1.25215°, (f) 0.164.29.2°
11 (a) 20 +j17.32 = 26.46.£40.9° V, (b) 26.46 sin(wt + 40.9°) V
12 25£(-30°) Q
13 24(-36.8% A
14 (a) 12-j5Q, (b) 136.6 +j136.6 Q, (c) 32.1 +j7.4 Q,
(d) 1.88 - j6.34 Q, (€) 0.384 — j1.922 Q, () j13.3 Q
15 (@)5+j2Q, 1) 50-j10Q, (c)2+jlQ, (d)1.92-j0.38Q,
(&) -j125 Q

[ 8]

Chapter 3 3.1

1 You might like to consider it to be like a swinging chain
which, in itself, is rather like a form of simple pendulum.
- dix | de g
2 See Figure S.f,mdt2 +cdt +kx=F
d’y

Mass 3 @hkix =M—d7 +c% + (k1 +k2)y,

©v=LYL i Ri

dp= c%f? +¢cpqf, where =0, - 6;

\

Figure S.2
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(@ E=045L+5, (b)R=4.2L

2 (a) T against VL, gradient 2/Ng, intercept 0,

[=JV-R- N o NV N %)

(b) s/t against ¢, gradient a/2, intercept u,
(c) e/0 against 0, gradient b, intercept a,
(d) R against 0, gradient R, intercept R,
R=1220 ;50

-0.16
R="¢

V=16p™

T= 500p0.28
C=0.0017*+30
s=0.1v*+0.5v
I1=0.00112

v =2090 12

Chapter 4 4.1

—_0O 0 0NN e W

)

12
13
14
15
16

(a) 5x*, (b) —8x%, (c) —6x, (d) %4, (e) 4nx, () 3 sec? 3x,

(g) 10 sin 2x, (h) 8 e, (i) 4 €™, (j) 9 e*, (k) (5/6)x>?,
3 7 15 3

() «12/3)x", (m) — Yk 2, @) —gx*, (0) 5x*,

(p) 242 + 4x + 15, (q) 5x cos x + 5 sin x, (r) €72 + Yox €72,

(s) (* + 1) cos x + 2x sin x, (1) (x—__lg)z » (W) ;_;3/% ,

—si 2e¥(x2-x+1)
) HETEE W =y
x) 2 cosh 2x — cosh 3x — 3 sinh 2x sinh 3x o) 7
(cosh 3x)? i 2-7x)?°

@) —1
2(3 - x)"2

(a) 2, (b) —4 cos 2x, (c) 6/x*, (d) 36x2 =2 - 2/3, () 1252 + 12x,
3 - P

O~

7 m/s, -4 m/s?

6 cos 2t — 9 sin 3t m/s, —12 sin 2¢ — 27 cos 3¢ m/s?

0.03 cos 5t A/s

50 7' V/s

7".2

4nr

“e(1 +v/c)?

Lo(a +2bT)

(a) (2, -1) min., (b) (1, 7) max., (3, 3) min., (c) (1, 4) min.,
(-1, 4) max., (d) (#/2, 1) max., 3n/2, 1) min., (e) (-2, 23)
max., (1, -4) min.

r=h=1m

h=r=4cm

Vel

0,0.32L

477V
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17
18
19
20
21
22
23
24
25
26

3.33 m from smaller source
10 mA/s

0.58L

—al2b

45°

x=y

Ya(a - b)

r=4/3m

6 X6 cm

4x4x2m

4.2

=T -BEN B« WV LR S ]

10

11
12

13
14

(@) 4x+C, ®) 3x*+C, (©) 3x4+ %xz +C,

(d) 2xB - 223 +.C,(e) 4x+ T cos5x + C, () -2 e > +C,
(8 8e?+ix3+2x+C,(h)4In}d+C

(@) 15, (b) 8, (c) 1.10, (d) -2.25, (¢) 4.5, () 2.67, (g) 0.83
(a) 116/3, (b) 11/3

Vs

1712

1

4%

(a) Diverges, (b) 1/18, (c) 1/3, (d) diverges

@%@ -DE2+1)*+C, (b) % e +C,

() 3(x+2) V2x+1 +C, (d) - +cosx+C,

() 2sinh~ "2‘ +1ix /¥ +4 +C, () ZCx+2)x- 1?2 +C,
1+tan x
—-—f +C, (h)sm"x+C

(@ In
2

(i) £ sin®2x - 75 sin*2x + C
(@) 2(x+2)2-$(x+2)"2+C, ()

/—ZTI_ +C,
©7 : 1 cos3x-cosx+C, (d) 3sin712x+C,

© 4 (x2+2)3’2+C @ & m-lﬁ+c
g+ sin’x -+ sin’x+C, (h) 1 tan4x+C

@) 3tan~1(;tan2)+c

(@) In2, (b) 1/90 (c) n/4, (d) n/4, (e) n/8
(a)—x3ln|xl $%3C, (b) 3xe* -+ e* +C,
©) x3 smx+3x2cosx 6xsinx-6cosx+C,
(d) % sin5x — txcos 5x+ C, (e) Tx*In[3x|- x2 +C,

® 2x~%sin2.x+C

(a)iz 1, ®) xn2+%, (©2

@) zx2+ —x+91n|2x 3]+C, ) —3x—-+1n|l -2x+C,
© 3x++Ink-1]-35In2x+3[+C,
(d)%lnbc—1|+%ln{x+l[—%ln|2x+1|+€,

) —+Inxi+2nx-2|-§Ink+2/+C,
(t)%lnlx-l]+61n|2x+l|+C

(@ 1¥*+2x+2Inxk-1+$In2x+1|+C,

(h) Injx-3|-Inx-2[+C, (i) 6ln}x| - 1n|x+l]--—-—-+C



Solutions to problems 327

G)2Injp]-2In[x-1]+Inp? +4]+2tan'3x +C,
&) —-} —~tan"'x+C

15 (a) MRY/18, (b) MHY6

16 SMP/2

17 (2) 5ML% @) M( 5 L2 +d?)

18 (@)1, ()7, (c) 16, (d) 0.5

19 24/=
20 0.623N,
21 (a) 4.92, (b) 1.15, (c) 1.23, (d) 0.707, (¢) 1.35
2 V2
Chapter 5 5.1
1 @ m3 4?2 = mg, (b)m%u—2 +c% +he=0,

©@m% +hv=0, @ m +iv2 =mg, (©) g)’c +he=0,

(ﬂAdh+ﬁg— 0(g)7ga+‘/7 =q
2 As given in the problem
3 @y=xe, () y=-&,—sinwt+2coswt, ©y=Q+x*)e*
4 y=—gir (4022 - L0 4 fpxt

52

1 @y=Inx+A4,®)y=2sin"%x+A4,(c)-lly=x+A4,
diny=-2x+Adory=Ce™> (e)tan' y=x2+ 4,
Oy=InC+Aore=x>+4,(g)y=4x+x+4,
(h)-ly=2x+A4, () e=x+4, §)y*=x+A4,
@y=Ae" )y=-2/(+A4)

2 y=1Q2-x)

3 V= Voe“”‘c

4 N=Noé-

5 i=%(l—e"*‘”‘)

6

7

8

y=2-¢*
v=10-10¢"
T= To d'o
9 3.41 hours
10 RC
11 51.4°C
12 As given in the problem
13 109V
14 i=I1-e*%
15 @x=1-¢", (b)x=8e¢"+41-8
16 x=5(1-¢"9
17 (a) 36.8%, (b) 13.5%
18 12s
19 (2)25F +x=45, () x=45-25¢7
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Chapter 6

5.3

1

@y=2xt+4x+4, O)y=2e=+}c¥,
©y=eZ+2xe™®, (dy=2 e -3 e,
(e)y=2e"—e* (y=2e*+xe™

(@y=Ae?+Be*, () y=(A+Bx)e¥ ()y=U + Bx) ¥,
(d) y = e*(4 cos x + B sin x), (¢) y = eX(4 cos 2x + B sin 2x),
Hy=Ae*+Be™ (g) y=e"*(cosx + Bsinx),
(hyy=Ae*+Be™,

@y=-3e*+3e*, (b)y=e¥(3cosdx-2sindv),
©y=Q+4x)e 2 (d)y=2e"-e* (y=(1+2w)e™,
(f) y = e*(cos 4x — sin 4x)

@@y=Ade*+Be+4e¥

(b)y=e'3”’2(cos Ex+sin f%_x) +3x- L,

(©)y=4e* +Be¥ + % cosx - 4¢ sinx,
(d)y=A4e*+Be*+ 3¢,
(©y=Ae*+Be¥ +e& -5 %,

() y=Ae*+Be™+%cos2x -2 sin2x,
(@y=Ae+Be*-2-3x-x,

y=e¥-3e¥

y=cos3x— 5 sin3x + § sin2x

x=Ae¥+Be"

(@) x=0.2 cos 3¢, (b) x =¢7(0.2 cos 2.83¢ + 0.070 sin 2.83¢)
0.44

(a) 5 radss, (b) 1.25

316 rad/s, 6.3 N s/m

Over damped

6 N s/m

2.6 rad’/s, 0.76

€7(0.2 cos 2.24¢ + 0.22 sin 2.24¢)

f=3net-Ine™

As given in the problem

6.1

1

@3 0% 074

hY
2 @% O F 5.0 @F+2

sz
@@L+t 03+5+L @
W 75, 0 7t O g W -5S5 i
6 2 -3 2+4s5+5
O Grr ™ 7T M FoaTe © Gans
4 249 2s(s2 +27)
® GinminTs @ Goer O Gy

$2+9°

6
© G+3y b
S

2 .3 .2 1
3 @ g+t (b)%+s2+9,(C) s—ate-a

;—
2,3 s s 6, _4_
D5+ 30 matare O @t
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=T - - B Y

10
11
12

6.2

1

<
X

Solutions to problems 329

@ (s+3)2 o O G 4)3 Ol 2)2 1
@evl, ®1ev i
3(1- e

]_ s
e,
s2 .s'(ll -e™) 1 o s
@ e O ais e - ez © s2(1 g
(a) e*, (b) 5, (c) cos 4t, (d) sinh 3¢, () €* sin 5¢,
® ¢ €, (@) (t-2u(t-2), () (¢ -3) X Iu(t-3)
@ e +2e (b)2 ¢ +e%, (c) cos 2t — ™, (d) e + 2t e
@0, M1
@200

@x=3e¥-3e", () x=%-%e¥,()x=¢ -5 cos2,
(dx=e'-€e"cost, (e)x=% e‘—%te'+-%—cost,
Hx=2e-1, (g)x=%cost+%sint—% e,
(h)x=3-3 cost+sint,

(i)x-— e“3‘+te2’—— e,

(])x-— ¥+ e‘z‘—--s-z-sm2t 35 cos2t,

3 3 121 6, 369
K x=—¢t-fre+35 e+ 3F e

RN NP LN -~

11
12
13
14
15
16
17
18
19
20

21
22

3/s

2

5/s?

eV

@) (531 -e*)V, (b) 5¢ ¥V
@6(l-e)V,[b)6e’'V

@20 -V, b)) %it-%1 -V
@5/(s-1)-4/(s-2),b)4/(s+1)-3/(s+2),
©2/(s+1)-3/(s+ 1)

24 - 12 -4

8e¥ - 8te¥

(a) Critical, (b) overdamped, (c) underdamped
-1.5+3.0¢t+ 1.5¢°%

0.5~-¢e*+0.5¢*

0.5(*~¢e™

0.5(1 -¢'

10, 0.05

Underdamped

Critically damped

1/53 s

(a) 0.01s Q in series with —0.002 V, in parallel with 0.2/s A,
(b) 0.5/s MQ) in series w1th 5/s V, in parallel with 10 pA.

(a) 10 + 0.002s Q, (b) 10+0002s Q
1(t)--R- e ¥RC
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Chapter 7 7.1

W ha WK e

[* B BN

o

11
12
13
14
15

16

17

18
19

20

21
22

23
24
25
26
27

7.2

1

2

0,1,0,-1,0,1, ...
@ao,1,2,3,4,@®)1,0.37,0.13, 0.05, 0.007
(a) 116, (b) 0.75
(@) (-1)*!, (b) 5k, (c) 2.5 - 0.5k
(@0,1,4,9,16, ()1, 2.72, 7.39, 20.09, 54.60,
©0,2.5,6,10.5, 16
13
0.5
(a) 0.25*, (®) 2(-1), () 3 +0.1*
(a) 0.1, 0.01, 0.001, (b) 5.1, 5.01, 5.001, (c) -1, +1, -1
(a) 222, (b) 9.998, (c) 28.70
(a) 7.5, (b) 23.98, (c) 1023
(a) 12, (b) 16, (c) 48
(a) Convergent, (b) divergent
(a) Convergent, (b) divergent
(a) Divergent, (b) convergent, (c) convergent, (d) convergent,
(e) convergent, (f) divergent
ﬁ 32X
(@l +4x+6x’+4x-’+x‘ ®) 1+5+g— - T3
©1+3% 358" S (d)1—025+0062 0.015,
3

©2+45- 65302
@1+ 12x+66x2+2203+ ..., (b) 1 +4x+ 1222 +32x° + ...,

©325(1-Fx-Frt -t +..), @ L+x+2 420+,
@©l-2x+&x2-15x3 4+ (H1+23+3x5 +4x°+ ...
1.0132

As glven m the problem

1- ?' +4—!+

x+300+ 305+

(a) 1+2x+2x2 +3x3+...(b) l+x——x +..
3

©1-3x+3x2-3x3+. (d)x+?i-+—+

@1+ 3x2+5x+.., () 1-x*+

As given in the problem

As given in the problem

As given in the problem

Reduced by 6%
Increased by 1%

Second and fourth (and a d.c. term)
5,‘?— sin oot + 1 sin 3wt + + sin 5ot + )
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4_4

2 n?

. 5,,1(-} €08 20t + 5 08 4ot + 35 Cos 6wt + )

(a) Only even harmonics, (b) only odd harmonics
cos ot — & cos 3wt + + cos St — ...

(a) Odd sines, (b) ao, even sines and cosines

(a) 10/6, (b) 0

(@), (v), (d) odd, (c), (¢) even

(a) sine, (b) ao and cosine, (¢) ao and cosine

2(sint— 1sin2t+Lsin3t+...

(a)0.5,0.31,0.16, 0.11, 180°, 180°, 180°,

() 1.57, 1.19, 0.5, 0.13, -32°, 180°, -12°

0.32 + 0.5 cos 100¢ + 0.21 cos 200f mA

0.5 cos(100f — 90°) + 0.21 cos(200¢ - 90°) A

3.2 5in(100¢ + 90°) + 3.2 sin(2007 + 90°) mA

(sinwt+ 1 sin3cof + % sin 5ot + )

SOV N W

[ S T S Sy
N e

bttt
Wn & W

Chapter 8 8.2

1 @L,®1LE©O0
2 @a-b®a+tb+c, ()b, da-b, @ a+b

8.3

1 @@G+c)-d+a,®)(a+a)-b+b),ab+a-b,
da-T+aT-b+a-b-c

2 (a)
a b c (a+b)+(@+7)
0 0 0 1
0 0 1 0
0 1 0 0
0 1 1 0
1 0 0 1
1 0 1 1
1 1 0 1
1 1 1 1
®)
a b b-a b ab+tb a a-(@b+b)b
0 0 o0 1 1 11
0 1 0 0 0 1 0
1 0 0o 1 1 0 0
1 1 1 0 1 0 o0

3 @QA-B+C-(D+E),b)A+B+C),(c)A+B+C
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4
a b @ B ab ab (a-b)+(a-b)
0 0 1 1 0 0 0
0 1 1 0 0 1 1
1 0 0 1 1 0 1
1 1 0 0 0 0 0

5 (a) See Figure S.3(a), (b) see Figure S.3(b),
(c) see Figure S.3(c)

B8
] a
8

i et ATy
A C)] a ®
=l e e

1 a
_ —| 2 B
- | (c) b c
Figure S.4 Figure S.3

A[> ] 6 (@@U+B)-B-C+A4,B-C+A, secFigure S.4,
} () A4-B-B, 4 - B,see Figure S.5
| 7 (a) See Figure S.6(a), (b) see Figure S.6(b),
(c) see Figure S.6(c), (d) see Figure S.6(d)

Al b | &
[ —do—do—

8 a b

Figure S.5 @) (b)

I
A _/,_E b
C
A
- a,
= :—f'}'
]
@)
A ] Figure S.6
>Oo
c 8 (@a-b-c+a-b-c,()c-(a-b+a-b)

9 (@A-B-(A4+B+C),A-B-C,

Al 1 — — —_
.' >1 ®U-B+A-CO)+(4-B+B-C),B+ A4 -C
B . See Figure S.7
bC 10 (a)A B+AB(b)BC(c)A C+A-B+4-C, 0
®) A.-C+A4-B+4-C,(dB-C, () C, ) C-D,

Figure S.7 ©®A- .B+B-C



Chapter 9

9.1

Solutions to problems 333

O 0O\ hdWN -

4/50

4/52

(a) 0.004, (b) 0.96

0.85

0.97

(a) 0.01, (b) 0.02, (c) 0.03, (d) 0.96
(@) 1/3, (b) 2/3

(a) 40 320, (b) 840, (c) 30
1260

@21, ()21, (@1

(a) 77/92, (b) 11/69, (c) 1/276
(@) 1/15, (b) 7/15

(a) 1/15, (b) 8/15

1000

0.5

9.2

ORI & WN -

3.0
43

40, 31.6

5

0.237

0.24

(a) 0.02, 0.06, 0.22, 0.32, 0.28, 0.08, 0.02, (b) 69.3, 2.3
(@) 0.4, ) 7

0.122, 0.270, 0.285, 0.190, 0.090, 0.032, 0.009, 0.002,
0.000 4, 0.000 1

0.132

(a) 0.817, (b) 0.016

0.366

0.005, 0.029, 0.078, 0.138, 0.181, 0.185, 0.154, 0.108, 0.064,
0.033

0.016

100, 9.9

0.001

0.135

0.297

20

(a) 6.68, (b) 17.75

(a) 9.68, (b) 11.5

(a) 0.091 3, (b) 0.091 3, (c) 0.817 4

50+ 6.6 Q

0.34

0.954

0.1859

(a) 0.315 6, (b) 0.726 0
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9.3

2.134 mm, 0.011 mm

0.05A

51.12Q,0.08 Q

72

4.9 £ 0.3 mm?

10 000

39.0kV, 0.11 kV

(a) 50 + 3.6, (b) 10 000 £ 500, (c) 1 000 000 + 52 000,
d2+0.1

Diameter

(a) 150 £ 3.6, (b) 5000 = 250, (c) 2+ 0.1

0 AWK HE W

—
(=)



Index

Accuracy 300

Alternating current x
Angular frequency 23
Approximations, making 243
Argand diagram 69
Argument 2

Attributes 298

Beam, deflection ix, 87, 115, 131,
140
Boolean algebra 275
complementary law 276
De Morgan laws 277
product of sums 282
sum of products 282
Building, wind deflection 86

Cables, suspended 56
Capacitor
charging 41, 43
discharging 41, 43
time constant 42
Car suspension system 88
Centre of gravity 137
Centroid 137
Circular functions 22
acos 8+ bsinf 34
cosine 24
inverse 37
manipulating 31
sine 24
sums of angles 32
tangent 24
Combinations 296
Complex numbers 69
addition 71
Argand diagram 69
argument 70

conjugate 69, 73
division 74
manipulation 71
modulus 70
multiplication 72
polar coordinates 70
subtraction 71
Conjugate pair 69, 73
Cyclic functions 26

Damping factor 44, 184, 224
Decibel 49
Differential equation 159
boundary conditions 162
first-order 160, 165, 220
and step input 169
general solution 162
initial conditions 162
ordinary 159
particular solution 162
second-order 160, 178, 222
auxiliary equation 180
characteristic equation 180
complementary function
187
homogeneous 179
non-homogeneous 187
particular integral 187,
190
separation of variables 165
solving 162
by Laplace transform 213
Differentiation 99
chain rule 112
D-operator 175
function of a function rule 112
inverse functions 122
log functions 122
of a constant 102

of an exponential 106

of a power 103

of trigonometric function 103

order 114

product rule 109

quotient rule 110

rules 108

sum rule 108
Distributions 300

binomial 308

expected value 302

frequency 300

Gaussian 311

mean 302

normal 311

Poisson 309

probability 300

probability density function

301

standard deviation 303

standard error 306

true value 300
D-operator 175

Equations 5

Euler’s equation 182

Experimental errors 316
combining 317
random 316
reading 316
statistical 317
systematic 316

Exponential functions 39
e 40
manipulating 44

Factors 12
Feedback control systems 219



336 Index

Fourier series 248
coefficients 250
even symmetry 257
frequency spectrum 262
half-wave symmetry 259
odd symmetry 256
rectified sinusoid 254
rectangular waveform 252
sawtooth waveform 253
shift of origin 256
Frequency 23
Functions 1
circular 22
combinations 6
cyclic 26
defined 1
exponential 39
hyperbolic 54
inverse 19, 37
linear 8
log 47
quadratic 11

Gradient of graph 8, 100
Graphs
cyclic functions 26
hyperbolic functions 55
linear 8, 95
log 50

Histogram 299
Hyperbolic functions 54
cosh 54
graphs 55
sinh 54
tanh 54

Imaginary number 69
Impedance 79
Inductance and a.c. 105
Inflexion, point of 117
Integral
definite 133, 145
indefinite 127, 133
Integration 126
area under graph 132
by partial fractions 147
by parts 145
by substitution 141
by trig. substitution 143

common functions 127

constant of integration 129

of asum 129

particular solution 129

reverse of differentiation 126
Inverse functions 19, 122

Karnaugh map 285
Kirchhoff’s laws 78, 229

Ladder programming 274
Laplace transform 198
derivatives 205
differential equations 213
electrical circuits 228
final value theorem 211
first-order systems 220
first shift theorem 203
impulse function 200, 221
initial value theorem 210
integrals 207
inverse 207
additive property 208
first shift theorem 208
second shift theorem 208
periodic functions 205
properties 201
s-domain 198
second-shift theorem 204
standard 200
step function 200, 221
sum of functions 201
table 201
time domain 198
transfer function 217
Limits 100
Linear relationships 8
Log functions 47
changing bases 48
natural 48
Logic gates 270
AND 271, 272
Boolean algebra 275
combining 281
De Morgan laws 277
EXCLUSIVE OR 273
logic level 272
negative logic 272
NAND 273
NOR 272
NOT 271, 273

OR 271,272
positive logic 272
symbols 272
truth table 271
XOR 273

Maxima 116
Mean 152, 300
Measurement xi
Minima 116
Model, mathematical xi, 85
electrical systems 90, 159,
172, 174, 217, 221, 228
hydraulic systems 93, 162, 175
lumped element 87
mechanical systems 87, 159,
183, 191, 217, 227
rotational systems 89
thermal systems 91, 169, 174,
221
Moment of inertia 139
Motor, model 91

Newton’s second law 59

Oscillation x, 22
damped 44, 183
undamped 183

Parallelogram of vectors 36, 59
Partial fractions 147
Permutations 293
Periodic time 23
Phase angle 27, 30
Phasor x, 23
adding 36, 68, 75
complex representation 75
defined 30
division 77
impedance 79, 81
Kirchhoff’s laws 78
multiplication 77
polar notation 68
subtraction 75
PLC x, 274, 278, 284, 285
Polygon rule for vectors 59
Power, maximum transfer 121
Precision 302
Probability 291



Probability (continued)
conditional 298
density function 301
distributions 300
mutually exclusive events 293
Progammable logic controller,
see PLC
Proportionality 3
constant 4

Quadratic functions 11
completing the square 13
factors 12
formula 14
roots 12

Radioactive decay 52
Reactance 81

Rectifier filter 266
Reliabitity 291

Ripple factor 267
Root-mean-square value 153
Roots 12

Scalars, defined 57
Second moment of area 140
Sensitivity, static system 173

Series 237
arithmetic 237
binomial 242, 296, 308
Sequence 236
arithmetic 236
geometric 236
harmonic 236
convergent 239
D’ Alembert test 240
divergent 239
Fourier 248
geometric 236
Pascal’s triangle 242
power 241, 243
Simple harmonic motion 23, 107
Spring
force—extension 2, 3
oscillation 22
Steady-state value 170, 173
Straight-line graph 8
Summation symbol 133, 237
Superposition principle 262
Switching circuits 270

Thermometer, model 92, 169
Time constant 42, 170, 173, 222
Transfer function 217

defined 217

feedback systems 219

Index 337

series systems 218
Transients, electrical 172
Triangle rule for vectors 59
Truth table 271
Turning points 116

Variable
continuous 298
dependent 2
discrete 298
independent 2
random 298

Vectors 57
adding 59, 64
components 61, 62
defined 57
direction cosines 63, 66
free 62
in space 66
like 58
multiplication by a number 58
parallelogram rule 59
polygon rule 59
position 62
subtraction 59, 65
triangle rule 59
unit 58, 62

Work 136



